INDEPENDENCE OF MULTIPLIERS IN SEVERAL VARIABLES
COMPLEX DYNAMICS

IGORS GORBOVICKIS AND JOHAN TAFLIN

ABSTRACT. We establish the independence of multipliers for polynomial endomorphisms
of C" and endomorphisms of P™. This allows us to extend results about the bifurcation
measure and the critical height obtained in [15] to the case of regular polynomial endo-
morphisms of C" for n > 3.

An important step in the proof is the irreducibility of the spaces of endomorphisms
with N marked periodic points, which is of independent interest.

1. INTRODUCTION, STATEMENT OF THE MAIN RESULTS

The study of algebraic families of holomorphic dynamical systems on P! has recently
seen an explosion of remarkable and diverse results (see e.g. [5], [6], [14], [1], [22], [24]).

In higher dimensions, the field is still emergent, although there already exist substan-
tial results (see [16], [15] or [32]). These results often rely on arithmetic techniques. A
significant difficulty in this framework is the lack of knowledge about the moduli spaces
associated with these algebraic dynamical systems. The results of this article contribute
to filling these gaps in the case of the moduli space of endomorphisms of P™ or regular
polynomial endomorphisms of C". Roughly speaking, we show that the multipliers of
periodic points give local coordinates on a Zariski open subset of these moduli spaces.
This could be useful for understanding bifurcations in these spaces or their arithmetic
properties. In particular, the results above allow us to extend the results of [15] on the
moduli space of regular polynomial endomorphisms of C? to the general case of C" with
n > 3 (see Corollary 1.3 and Corollary 1.4).

1.1. Independence of the eigenvalues. For a pair of integers d > 2 and n > 1, let
Pl be the space of all polynomials F': C* — C" of degree d which are regular, i.e., that
extend holomorphically to the projective space P". As this last condition is algebraic, P}
is naturally an affine variety.

Let I’ € P} be a polynomial and let w € C™ be one of its periodic points of period p.
Let A € C be an eigenvalue of w (i.e., an eigenvalue of the Jacobian matrix DF? at w).
If A # 1, and the Jacobian matrix Dy FP does not have other eigenvalues equal to A or to
1, then it follows from the Implicit Function Theorem that the periodic point w and its
eigenvalue A can be followed locally and analytically in Pj. This gives a local eigenvalue
function of period p. Furthermore, analytic continuation of the eigenvalue A (as well as
the periodic point w) is well-defined over the whole space P} and results in a (multiple
valued) algebraic function. We will call it an eigenvalue function of period p.

We would have liked to consider the moduli space P /Aff(C"), where the affine group
acts by conjugation, but there is a slight technical difficulty to consider it as an algebraic
variety. Since the group Aff(C") is not reductive, the standard results on GIT quotients
do not apply. Nevertheless, in the case of endomorphisms of projective space P", the
group PGLn + 1(C) is reductive, and Petsche-Szpiro-Tepper showed in [29] that its action
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on the space Endy(P") of degree d endomorphisms of P™ has finite stabilizers. Hence,
the quotient by conjugation M7 := Endy(P")/PGLn + 1(C) is geometric and is an affine
variety [29, Proposition 10]. Therefore, in what follows, we consider the image 755 of P} in
M} that we will abusively refer to as the moduli space of degree d regular endomorphisms
of C". There is a natural projection from P} /Aff(C"), viewed as a set, onto 753, which is
generically injective. However, maps with totally invariant hyperplanes could be identified
in 7567, even though they are not necessarily affinely conjugated.

Since the eigenvalues of the Jacobian matrix remain unchanged under holomorphic
conjugacies, it follows that the eigenvalue functions project to (multiple valued) algebraic
functions on 753 The number of coefficients in a polynomial map F': C" — C" of degree
d is n(d+”); the dimension of the moduli space 75;‘ is

nlNgp ::n[<d+n> —n—l].
n

Our first main result is the following:

Theorem 1.1. Let d and n be any pair of integers, such that d > 2 and n > 1. Then any
nNg, distinct eigenvalue functions defined on P} and corresponding to distinct cycles of
periods not smaller than 4, are algebraically independent over C.

The conclusion of the theorem means that the considered eigenvalue functions do not
satisfy any non-trivial polynomial relation with complex coefficients (neither locally in
an open subset of P}, nor globally). In other words, if p > 4 then there exists a dense
Zariski open subset U, of 75; such that for any class [f] € Uy, any nNg, local eigenvalue
functions corresponding to different periodic orbits of f of period between 4 and p, define
local coordinates near [f].

We note that the statement of Theorem 1.1 is sharp in terms of the number of inde-
pendent eigenvalue functions: any collection of nNg, + 1 eigenvalue functions on P} is
algebraically dependent over C, since in this case the number of the eigenvalue functions
exceeds the dimension of the moduli space 753

On the other hand, the condition on the periods of the cycles in Theorem 1.1 is far
from being optimal. Using the same methods as in this paper, it is not very difficult to
strengthen the result of Theorem 1.1, allowing at least some periods to be smaller than
4. In particular, for n = 1 it was shown by the first author in [18] that the result of
Theorem 1.1 holds without any assumptions on the periods of the cycles. However, in
Theorem 1.1 we decided to sacrifice the generality of the result in favor of a more concise
and transparent proof.

Observe that the result also holds in the case of the space Endy(P"™) of degree d en-
domorphisms of P". As already mentioned, by [29] the associate moduli space M[} =
Endg(P")/PGLy41(C) is an affine variety of dimension (n + 1)Ng .

Theorem 1.2. Let d and n be any pair of integers, such that d > 2 and n > 1. Define
- {5 ifd=2 andn =2

4 otherwise.

Then any (n+1)Ngq,, distinct eigenvalue functions defined on Endg(P™) and corresponding
to distinct cycles of periods not smaller than p, are algebraically independent over C.

1.2. Previous results and consequences. When n = 1, the stronger versions of these
results have been proven by the first author in [17,18]. They are related to the seminal work
of McMullen [27] which in particular establishes that the set of all eigenvalues of periodic
points of f: P! — P! determines the conjugacy class of f up to finitely many choices in
Mcll except when f is a flexible Lattes map. We also refer to [23,24] for two striking new
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developments when n = 1 by Ji-Xie. In higher dimension, Gauthier-Taflin-Vigny proved
in [15] that all the eigenvalues of (almost) all periodic cycles determine f € M up to
finitely many choices, except when f belongs to a proper algebraic subset of M. Observe
that this subset, which contains several analogs of flexible Lattes maps, is widely unknown.
It is related to the generalization in higher dimension of the characterization of algebraic
stable (i.e. without bifurcations) families of rational maps on P! by McMullen [27] and of
the non-ampleness locus of the critical height by Ingram [20].

The independence result of [15] also holds in the polynomial case but only in dimension
2, i.e., in 753 This independence is actually a key ingredient in the proof of [15, Theorem
C] which was one of the main steps to obtain the non-Zariski density of postcritically finite
(PCF) endomorphisms in P? and in Endg(P"), as soon as d > 2 and n > 2, as it has been
conjectured by Ingram-Ramadas-Silverman in [21]. Thanks to Theorem 1.1, we can now
extend [15, Theorem C] to 755‘ for n > 3, which was the original motivation of the present
article.

Corollary 1.3. Fiz two integers d > 2 and n > 3. There exists a non-empty open subset
Q C P} such that

e the open set Q) is contained in the support of the bifurcation measure ugir,
e the open set Q) contains no conjugacy class of PCF endomorphism.

We refer to [15] for the definitions of PCF endomorphisms and the construction of the
bifurcation measure is described in Section 7. Notice that the latter was introduced by
Bassanelli-Berteloot in [2]. But, to the best of our knowledge, the simple fact that up;s
doesn’t vanish in 752} when n > 3, which is now a direct consequence of Corollary 1.3, was
not known. Another consequence of Corollary 1.3 is that the assumptions of [15, Theorem
7.2] are also satisfied when n > 3 which gives the following uniform result, much stronger
than the non-Zariski density of PCF maps in P} (see [15, Theorem D] for n = 2).

Corollary 1.4. Let n > 3 and d > 2. There exists a dense Zariski open subset U of P}
and an integer B > 1 such that for all f € U, there exists an algebraic subset Wy of C"
of codimension 2 with deg(Wy) < B which contains all the critical preperiodic points of f
i C", i.e.

Preper(f) N Crity C Wy.

Here, Crity is the critical set of f in C" and Preper(f) is its set of preperiodic points,
i.e. Preper(f) :={weC";3p>q>0, fP(w)= f%w)}. Observe that when f is PCF
then preperiodic points are Zariski dense in Crity. When n = 2, the sets Wy are finite so
the bound on deg(Wy) gives a satisfactory uniform bound on the cardinality of W} in the
spirit of the uniform results in arithmetic geometry (see e.g. [8] and [5]) and arithmetic
dynamics (see e.g. [26] and [7]). In higher dimensions, although less precise, the proof of
Corollary 1.4 addresses the analogue in ’/33 of Problem 6.3.9 of Yuan-Zhang [31] about the
arithmetic bigness of the adelic line bundle associated to the critical height. Observe that
[31, Problem 6.3.9] is widely open on M.

Finally, Theorem 1.2 provides a positive answer to the first part of Question 19.4 of
J. Doyle and J. Silverman [11] with an explicit (but possibly still non-optimal) constant p
from Theorem 1.2. To state the result, we observe that for any n,p > 1 and d > 2, one
can consider a single valued function

fpna: My — CEnd),

obtained by taking all eigenvalue functions of all cycles of period n (counted with multi-
plicities) and factoring them through the corresponding symmetric polynomials. (Here,
v(p,n,d) is the number of p-cycles of a generic map f from Endg(P™).)

Corollary 1.5. Let p be the same as in Theorem 1.2. Then for anyn > 1, d > 2 and
p = P, the map py,nq 15 quasi-finite on a nonempty Zariski open subset.
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Due to Theorem 1.1, an analogous statement also holds on the moduli space 755‘ of
polynomial maps. The proof of Corollary 1.5 is provided in the end of Section 6. Sev-
eral results similar to Corollary 1.5, but for very specific subsets of M} were previously
obtained in [19].

We also note that the results of [15] imply the existence of a positive integer p(n,d),
such that for all n > 1, d > 2 and p > p(n, d), the direct product map

H /Lp,n,di./\/lg% H crw(pn,d)

p<p(n,d) p<p(n,d)

is quasi-finite on a nonempty Zariski open subset. However, the approach of [15] does not
provide explicit bounds on p(n,d) nor its dependence on n and d.

1.3. Irreducibility of varieties of marked periodic orbits over P} and Endg(P").
Our second main result that is also a key ingredient of the proof of Theorem 1.1 and
Theorem 1.2, is a theorem on irreducibility of the space P} or Endg(P") with N marked
periodic orbits. In what follows, we mainly focus on the polynomial setting, i.e., in P}.

Let n >2,d>2and N >1and let p = (p1,...,pn) € ZY,. We define X p as the
closure of

B z; is a non-parabolic periodic point
Xip =1 (f,21,-..,2N) € Py X (CN ' of exact period p; of f and no two
z; are in the same orbit of f

The natural projection m: Xj — Py defined a ramified cover and we are interested
in the action of the monodromy on the fibers of this cover. More precisely, let ppax =
maxi<i<n p; and let P} (pmax) C Py be the Zariski open subset of P} that consists of all
maps whose cycles of period less than or equal to pmax don’t have eigenvalues that are
equal to 1. The analytic continuation of a p-periodic point, with p < pyax, along a path in
Pl (Pmax) is well-defined. In particular, starting at the base point Fy € P} (pmax) defined
by Fo(z1,...,2n) = (24,...,22), the fundamental group of P%(pmax) acts on the set of
periodic points of period bounded by pmax of Fy by permutations. An obvious constraint
on this action is that it has to commute with the dynamics (after a permutation, the
periods of periodic points cannot change, and the relative positions of periodic points in
a cycle remain the same). Theorem 1.6 says that this is the only contraint. Actually,
this action naturally extends to an action on the fiber 7~1(Fp), that we call the action by
monodromy of X7, — Py on its fibers, and we have the following result.

Theorem 1.6. For all n,N > 1, d > 2 and p = (p1,...,PN) € Z]>V0, the action by
monodromy of Xip = Py on its fibers is transitive. In particular Xip 18 irreducible.
Moreover, the analogue result holds on Endg(P™).

In particular, it implies that the cover Xg’p — P} is Galois, i.e. that its covering
automorphisms act transitively on the fibers.

So far, Theorem 1.6 has been known only for the case n = 1: the case n =1 and d =2
has been proven in [4], and the more general case n = 1, d > 2 was shown in [30] even in
the more restrictive setting of unicritical polynomials instead of all degree d polynomials
Pl (see also [28]). Observe that the case n > 2 and N = 1 over End;(P") has been solved
by Fakhruddin in [13]. His strategy relies on the fact that in Endy(P"), there are more
ways to deform the power map Fy while preserving an invariant fibration. We were not
able to adapt his proof neither to the case N > 2, nor to the polynomial case, nor for
eigendirections (see below).

Using families that admit an invariant fibration, the one-dimensional result easily yields
some permutations. The main difficulty in proving Theorem 1.6 lies in overcoming the
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restrictions imposed by the fibration on the possible permutations, which we address using
dynamical arguments.

Finally, it is important to mention that our proof of Theorem 1.1 relies not only on the
fact that all permutations of periodic points commuting with the dynamics can be imple-
mented, but also on the possibility to interchange eigendirections of the Jacobian matrices
at periodic points via a monodromy in P7. The latter is guaranteed by the irreducibility
theorem that we state below. This theorem extends the result of Theorem 1.6.

For n > 2, the tangent line bundle to C" is diffeomorphic to C* x P*~1. Given n > 2,
d>2, N>1and p=(p1,...,pN) € Zévo, we define Zg,p as the closure of

z; is a non-parabolic periodic point of

exact period p; of f, no two z; are in

the same orbit of f and v; is a simple
eigendirection of D, f™

Zgyp = (f7 ((Ziavi))lgiSN) € ’Pg X (Cn X IEDTZ—I)N;

We prove the following:

Theorem 1.7. For all n,d > 2, N > 1 and p = (p1,...,pN) € Zgo, the action by
monodromy of ng — P% on its fibers is transitive. In particular ng s irreducible.
Again, the analogue result holds on Endy(P™).

Observe that some of the fibers of the projection Zg» — Py have positive dimensions.

This is in particular the case for the fiber above Fy(21,. .., 2,) = (2. .., 2%), which is also

a source of minor technical difficulties arising in the proof of Theorem 1.1.

1.4. Strategy of the proof of Theorem 1.1 and structure of the paper. Any
tuple of nNg, eigenvalue functions corresponding to nNy, distinct periodic orbits, can
be viewed as a tuple of algebraic functions on an irreducible component of an appropriate
algebraic variety Zg,p. (The vector p here is the vector of periods of the selected periodic
orbits.) Thus, in order to prove Theorem 1.1, it is sufficient for any selection of the
eigenvalue functions to find a point on the corresponding irreducible component of Zj ,
at which these eigenvalues are locally independent (i.e., the Jacobian matrix of the partial
derivatives of the eigenvalue functions has full rank).

On the other hand, Theorem 1.7 which we prove in Section 2 together with Theo-
rem 1.6, implies that the variety ZZlL,p is irreducible. Hence, existence of a point in Z&ip,
where the selected eigenvalue functions are locally independent, is implied by the following
proposition.

Proposition 1.8. Given any finite sequence of integers p1,...,paN,, = 4, there exists
a map F € Py and a finite sequence of eigenvalue functions A1, ..., A\nn,,, corresponding
to distinct periodic orbits of the respective periods pi,...,pnN,.,,, such that the eigenvalue
Junctions A1, ..., AnN,, are locally independent at F.

We give a proof of Proposition 1.8 in Section 6. The proof is based on the local con-
siderations near the power map Fy(z1,...,2,) = (2f,...,29). Note that the eigenvalue
functions are not well defined in a neighborhood of the power map Fp, so the latter cannot
be selected as the map F' in Proposition 1.8. We solve this problem by considering slightly
modified functions that are well defined in a neighborhood of Fy and agree well with the
eigenvalue functions. The corresponding statement is proven in Section 3. In Section 4 we
compute the partial derivatives of the modified eigenvalue functions at the map Fj, and in
Section 5 we show that there exists a selection of the modified eigenvalue functions with
the prescribed periods, for which the Jacobian matrix is non-degenerate. In Section 6,
we complete the proof of Proposition 1.8 (as well as Theorem 1.1) by passing back to the
actual eigenvalue functions and selecting an appropriate map F sufficiently close to Fj.
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Finally, in Section 7 we explain how Corollary 1.3 and Corollary 1.4 can be deduced from
[15] using Theorem 1.1.

2. IRREDUCIBILITY OF P} WITH MARKED PERIODIC POINTS

The main goal of this section is to give a proof of Theorems 1.6 and 1.7, in both P}
and Endy(P"), focusing first on the former.

Recall that for a positive integer pmax > 0, the set P} (pmax) C P} is the set of all maps
whose cycles of period less than or equal to ppax don’t have eigenvalues that are equal 1.
As we have already seen, the analytic continuation of a p-periodic point, with p < pmax,
along a path in P} (pmax) is well-defined.

The proof of Theorem 1.6 relies on its one-dimensional version that is proven in a
stronger form in [4] and [30]. We state this result below:

Theorem 2.1. Let d > 2 and pmax > 1 be two integers. Let Uj(pmax) be the set of c € C
such that the polynomial f.(z) := 2% + ¢ does not have a parabolic cycle of period < pmax-
Let P, .. be the set of periodic points of fo of period at most pmax. Then, the analytic

continuation along loops in Uj(pmax) starting at 0 induce all permutations of P, .. that

commute with the dynamics. In particular, the same holds for loops in a larger space
Pcll (Pmax) nstead of Ug(pmax)-

Recall that the map Fy € P is defined by

Fo: (z1,...,20) — (21,...,29).

In particular, it belongs to the direct product (P})™. Observe that many permutations
of periodic points cannot be obtained if we only consider deformations in the space of
product maps (73;)”. For example, if z¢p and yo are respectively fixed and a 2-periodic
point for z +— z% then (z0,yo) € C? is a 2-periodic point for Fy when n = 2. Its analytic
continuation along a loop in 733 (Pmax) of the form

Fi(x,y) = (fi(x), 9:(y))

will be (x¢,y¢) with z; fixed for f; and y; 2-periodic for g,. Hence, (x9,yp) cannot be ex-
changed in this way with (yo, yo) which also has period 2. Moreover, if (xg, yo) is exchanged

with (z{,y() then all periodic points of the form (zg,y) are changed to (x(,y’) for some
/

Y.
To highlight this difficulty, we say that a periodic point z = (z1,..., z,) of a product

map (1, ..., on) = (fi(21), ..., fa(2a)) has type

P = (p17-~7pn)
if each z; has period p; for f;.

2.1. Strategy of the proof of Theorem 1.6. We first prove the theorem in the case
n = 2 which captures the main difficulties that arise in the multi-dimensional case and
are not present when n = 1. In the proof we consider loops in P} that start and end at
Fy. The proof splits into two main steps: in Proposition 2.6 we show that if two periodic
points z = (z,y) and z’ = (2/,') of type (1,p) with either z = 2’ or y = 3’ belong to
distinct cycles, then they can be interchanged by an appropriate loop so that all other
cycles of periods < ppax remain unchanged. On the other hand, if the above two points z
and z’ belong to the same cycle, then this cycle can be cyclically permuted by a loop so
that z is sent to z’ and again, all other cycles of periods < ppax remain unchanged.

In the second step (Proposition 2.5) we prove that any two periodic points of the map Fj
with the same periods p can be turned into periodic points z and z’ of the kind described
above, by following an appropriate loop in Pj. Note that this loop is allowed to act
nontrivially on other periodic orbits of period < ppax. Finally, by conjugating the loop
from Proposition 2.6 by the loops from Proposition 2.3, we generate a sufficiently large
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collection of permutations of periodic points so that this collection generates the full group
of permutations that commute with the dynamics.

The proof of Theorem 1.6 in P} for n > 3 relies on the case n = 2 and is given right
after the proof for the case n = 2. The extension to Endy(PP¥) is explained in Section 2.4

We would like to point out that one of the main difficulties in the proof is to avoid
“undesired” permutations of periodic points (as in Proposition 2.6). This is done with the
help of Lemma 2.2, as also illustrated in Proposition 2.3 below. Furthermore, Lemma 2.2
also allows us to avoid undesired permutations of the eigendirections in the proof of The-
orem 1.7 in the end of this section.

2.2. Hyperbolicity condition for compositions of polynomials. A key ingredient
in order to use Theorem 2.1 in higher dimension is the following elementary lemma. It
will allow us to show that some paths are contractible in the shift locus of one variable
polynomials.

Lemma 2.2. Let d > 2 be an integer. Let C > 1. Let K be a compact subset of C* and
L be a compact in the set of monic degree d polynomials. There exists a constant A > 0
such that if b € C satisfies |b| > A and if ay,...,any € K, P1,...,Py € L, for any N > 1,
then the map f := fyno---o f1, where fi(z) :== P;(z) — bay, is hyperbolic with an expanding
constant larger than C.

Proof. The proof simply consists to observe that under these assumptions, there exists
large radii Ry, R1,..., Ry such that Ry = Ry and fi_l(D(O,Ri)) has d relatively small
connected components contained in D(0, R;_1), for i € {1,...,N}. In this way, f has a
Cantor Julia set and is hyperbolic with a large expanding constant. And the construction
of Ry, ..., Ry simply comes from the fact that each P; looks like z — 2% near oo.

In order to find these radii, let d > 2 and let € > 0 be small enough (depending on
d) such that the set {z € C; |24 — 1| < 2¢} is contained in the union of d disjoint discs
centered at the d-th roots of unity and of radius €, for some 0 < ¢’ < 1.

Observe that if ¢ € C* and z € C then |27 — ¢| < 2¢|c| is equivalent to |1 — 2%/c| < 2¢
which implies that there exist a d-root & of 1 and a d-root c¢'/? of ¢ with [¢ —z/c'/?| < €, i.e.
|£cl/d — 2| < €|e|Y/4. Moreover, Rouché’s theorem gives that if h is a holomorphic function
with |h(2)| < € on OD(&,€') then the image of D(£,€¢') by z +— 2% + h(z) contains D(1,¢).
Hence, there exists Ag > 0 such that if |¢| > Ag and P € L then the preimage of D(0, €|c|)
by the map w — P(w) — ¢ is contained in the union of the d discs D(c'/4€,¢'|c|'/9).
In particular, it is contained in D(0,2|c|'/?). Here, we applied the above argument to
h(z) = Z?;Ol a;c=D/450 where P(w) = w® + Z?;()l a;w'.

Now, let a1,...,any € K, P1,...,Py € L and b be in C*. Define, for i € {1,...,N},
R; = e|bay| and f;: 2 + P;(2) — bay. In order to have f; 1(D(0,R;)) € D(0,R;—1) it is
sufficient to have |ba;| > Ag and 2|eba;|'/? < €|ba;_1| which holds if

9d/(d—1) < max; <i< N ‘az| )1/(dl)

o] >
€

minlgiSN |O[Z"d

Hence, if m = min{|z|; z € K} and M = max{|z|; z € K}, we can take A := ¢ (= %3

A final observation is that f;'(D(0, R;)) is contained in C\ D(0, (1 —¢€')|ba;|*/?) where the
derivative of f; is P/ which becomes arbitrarily large, uniformly on P; € L, if the constant
A is large enough. d

2.3. Main steps of the proof: construction of the loops. In the following proposi-
tion, we work in the space of skew-products and use Lemma 2.2 in order to construct a
target permutation, while avoiding the undesired ones.

4( M )1/(d*1)'
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Proposition 2.3. Let pmax and p be two integers such that 1 < p < pmax. Let z1 and z}
be two periodic points of Fy of type (1,...,1,p) and of the form z; = (0,...,0,x,) and
z) = (0,...,0,2),).

If z1 and 2z belong to different cycles, then there exists a loop in P (pmax) which ex-
changes z1 and z while leaving all the other cycles of period smaller than or equal to Pmax
unchanged.

If z1 and Z belong to the same cycle, then there exists a loop in P (pmax) which cycli-
cally permutes this cycle, sending z1 to z| while leaving all the other cycles of period
smaller than or equal to pmax unchanged.

Proof. Let {za,...,z2xy} C C™ be the set of periodic points of period < ppax which are
not in the same cycle as z; nor z). For each j € {2,..., N}, write z; = (2j1,...,2jn). Let
p denote the least common multiple of the periods of zi,...,zy. By Theorem 2.1, there
exists a loop in P} (p) of the form fi(z) = ¢ + c(t), t € [0,1] with ¢(0) = ¢(1) = 0, which
exchanges the p-periodic points z;,, and z/,, if they belong to different cycles or sends x;,
to «/, if they belong to the same cycle. Furthermore, the loop can be chosen so that all
the periodic points of period smaller or equal to p that are not in the same cycle as z, or
x! , stay unchanged.
Observe that the loop

[0, 1] >t — F’Yo(t)(ul’ ey uk) = (ucll’ cee ,uﬁ_l, ft(uk))

exchanges z; and z} but will also act non-trivially on some other periodic orbits of periods
less than or equal to pmax. In order to avoid this, we will use Lemma 2.2 and work in the
space of skew-products.

Choose R > 0 large enough so that ¢([0,1]) € D(0,R). Let 7: C* — C" ! be the
projection 7(uq,...,uy) = (u1,...,un—1). By construction, if

Jo:={2<j<N;n(z;) =0}

then the loop F, ) acts trivially on z; with j € Jo. Let J1 :={2,..., N} \ Jo. As Cis an
infinite filed, there exists a linear form h: C"~1 — C such that h(n(z;)) # 0if j € J1. It
also follows from the definition of the set Jy that h(w(z;)) = 0, for all j € Jy. By Lemma
2.2 applied to K := {h(n(z;));j € Ji} and L := {2¢ + a; |a] < R}, if the modulus of
by € C is large enough then for all ¢ € [0,1] and j € J;, we have that

ftJ‘ = ftﬂ"p‘fl o:--0 ft,j70 where ft,j,l-(z) = Zd + C(t) + blh(ﬂ’ e} FS(Z]))

is hyperbolic. Moreover, as the loop t — ¢(t) is contractible in D(0, R), the loop t — f; ;
is contractible in the space of hyperbolic polynomials and hence, does not permute any
periodic points of fo; = f1,;, for j € Ji.

Now we define a loop

Fyoo(ur, ... up) = (wd, ... uld  uld +c(t) + bih(u, ..., un_1)).

Note that F., ) = Fy,(1) # Fo, but for each j € J1, and any z € C, we have

Y oz Zn-1,2) = (2515 -5 Ziin—1, f1,3(2))-

Hence, by the previous discussion, this loop acts trivially on the periodic points of F, ()
of the form (z;1,...,%jn—1,%). Furthermore, if §; is a path in P} (pmax) between Fy and
F, (o) of the form (u1,...,up,) = (ug, ... ud_ ud +thih(uy, ..., up_1)), t € [0,1], then
the analytic continuation of a periodic point (uq,...,u,) has the form (ui,..., up—1,2)
for some z € C, and in particular, the points z;, 2] and z; with j € Jy stay unchanged as
we move along the path ¢;. Thus, the concatenation of 6; with v, and 6, ! gives a loop
in PJ(Pmax) which exchanges z; and 2z}, leaving unchanged all z; with j € Jy U J;. This
concludes the proof. O
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Remark 2.4. An important observation is that all the deformations in P} (pmax) we used
in the proof above act trivially on the hyperplane at infinity when seen as endomorphisms
of P". This will also hold for all the other results in P} below. Given that, it will be easy
to extend the irreducibility results to the space Endy(P") instead of P}.

In the next two propositions, we restrict ourselves to n = 2. First, we use Lemma 2.2
to change the types of orbits.

Proposition 2.5. Let p > 1 and pmax = p. Let z1 and z9 be two p-periodic points of Fy of
periodic type (p1,q1) and (p2,q2) respectively. Then there exists a loop in Pﬁ(pmax) such
that the analytic continuations zy = (&1,71) and zo = (&2,72) of z1 and zg respectively
are both of type (1,p), with either &1 = &2 or §1 = Ya.

Note that in Proposition 2.5 we do not necessarily require that the points z; and zo
belong to distinct cycles.

Proof of Proposition 2.5. Let z; be of type (p;,q;) for i € {1,2} like in the statement.
Let € > 0 be an arbitrarily small constant which will be fixed later. Let f.: C — C
be a degree d polynomial having a period pi-cycle (wi,...,wp,) such that |w;| < € for
i€{l,...,p1 — 1} and |1 — wp, | < e. One can take f.(w) = aw(w?! — 1) with a = Ce™!
where C > 1 depends on d. For ¢ € C, define

Gc,e(x7 y) = (fE(x)7 yd + .%'C).

Note that when ¢ = 0, the map Gp . belongs to the product space (PHY2 c P2, so,
using Theorem 2.1, we can find a path ¢ from Fj to G in the product space (P1)? such
that the analytic continuation of z; along § is (wi,y1), where y; is a periodic point of
y — y¢ of period ¢;. Observe that y; is also an rj-periodic point for the map y — y@",
where 71 satisfies p1r; = p. Using the monodromy in the non-parabolic unicritical degree
dP' polynomials, there exists a loop v in that space such that the ri-periodic point y; for
y — y®" is exchanged with a p-periodic point §; of y — y? (which also has period r; for
y — y?"). Since, when e is small the second coordinate of GFL(wy,y) is arbitrarily close
to y"' + ¢, the analytic continuation of (w,%1) along the loop t Goy(#),e 18 (w1, 91) when
€ > 0 is small enough. In particular, the periodic point (w1, 1) has type (p1,p). Coming
back to Fy through §~!, we obtain that the analytic continuation of z; via this loop is
some periodic point z; := (z1,71) of type (p1,p).

The same construction allows us to pass from z; to z; := (Z1,91) of type (1,p). More
specifically, we exchange the roles of x and y in the previous argument, and we replace
p1 by p. The only other difference is that when we use the monodromy starting at the
map z — 2%, the point z; is fixed for this map and we exchange it with a fixed point of
z s 2,

So far, we have not considered the other periodic points, especially zo. Let 29 = (22, §2)
denote the analytic continuation of zo along the loop exchanging z; with z;. We now have
to exchange z9 with a type (1, p) periodic point of the form (&2,91) or (Z1,92), leaving z;
unchanged. Observe that if &3 = #; then (p2,¢g2) = (1,p) and 2y already has the desired
form. Hence, we can assume that Za # #1. (The latter will in particular imply that the
points zo and z; belong to different cycles.) In the same spirit, if po = 1, we can assume
that ¢o # 91, otherwise, there is nothing to prove. On the other hand, the map f. we

choose above has a fixed point at 0 and a pa-cycle (wj,...,w;,) such that |wj| < e for
ie{l,...,p2— 1} and |1 — w;m] < €. Using once again Theorem 2.1 and the monodromy

in 775 (Pmax), there is a path from z — 2% to f. such that Z; becomes 0 and &3 becomes
w). From that, using as above a loop of the form Gy (t),e» We can exchange (wh, g2) with
(wi,91). The latter point is of type (p2,p) with the second coordinate matching the one
of z1. Note that all the periodic points of the form (0,y), in particular (0,¢;), remained
unchanged by the monodromy along the loop Gy .-



10 IGORS GORBOVICKIS AND JOHAN TAFLIN

For the last step, since the second coordinate of the two periodic points are the same,
we can exchange the first coordinate of the second point so that it becomes of type (1,p),
leaving the first periodic point unchanged. O

Proposition 2.6. Let pyax and p be two integers such that 1 < p < pyax. Let z1 = (z1,41)
and 7z = (2}, y}) be two periodic points of Fy of type (1,p) with x1 = x| or y1 = yj.

If z1 and z) belong to different cycles, then there exists a loop in Pg(pmax) which ex-
changes z1 and zy while leaving all the other cycles of period smaller than or equal to Pmax
unchanged.

If z1 and Z belong to the same cycle, then there exists a loop in 7762! (Pmax) which cyclically
permutes this cycle, sending z1 to z| while leaving all the other cycles of period smaller
than or equal to pmax unchanged.

Proof. Observe first that if the points z; and z| belong to the same cycle, then z; = 2. In
general, the case 21 = x| follows from Proposition 2.3: using Theorem 2.1 we can assume
that 1 = 2} = 0 and then apply Proposition 2.3 with n = 2. Thus, for the rest of the
proof we assume that the points z; and z} belong to distinct cycles, y; = y] and p > 2
since when p = 1 the situation is similar to the case z1 = 2.

As in the proof of Proposition 2.3, let {z2,...,2zx} C C? be the set of periodic points
of period < ppax which are not in the same cycles as z; and z].

It is classical fact (see the “tour de valse” [10] and the proof of [12, Corollary 4.11] for
precise details) that there exists a continuous family of maps (ge)ee[o,¢,] contained in Pl
and parameterized by a small interval [0, €g] such that for each e € [0, ¢], the point 0 is
a fixed point of g, and if € # 0 then g, has a p-cycle (wi(e),...,wp(€)) whose points are
contained in the disc D(0,pe) and depend continuously on e. Moreover, we can assume
that g € 7361[ (Pmax) if € # 0. Observe that a priori, this family cannot be extended to the
one parametrized holomorphically by D(0,¢p) with the same property since € — wi(€)
could be multivalued.

For ¢,a € C and € € |0, ¢y, we defined

(1) Geaelr,y) = (x4 ay + ¢, g (v)).

By Theorem 2.1, there exists a path in P} form z x? to ge,, sending y; to w(eg).
Let us denote by 7 the corresponding path in the product space (P1)? C P? between
Fy and Go,,, such that the first coordinate remains unchanged along the path. For
ie{l,...,N}, let z; = (x;,9;) and z} = (2, 91) be the analytic continuations along the
path 7 of the points z; and z| respectively. There exist natural analytic continuations
zi(€) = (z4,9i(€)) and z)(e) = (2], 91(e)) of z; and Z| respectively, for € € [0, €] with
z;(e0) = z; and Z/ (e9) = 2|. Among these periodic points, we isolate those with one “bad”
coordinate by setting {2,..., N} = Ip U (I3 U I3) where i € I iff ; = 21 or ; = z] and
i € Iy iff §;(0) = 0. Observe that ¢ € I; N I implies that z;(ep) is a fixed point equal to
(21,0) or (z},0) since the orbits of the original periodic points z, 2} are disjoint from the
points zo,...,ZyN.

For i ¢ I, let n; be the period of the periodic point z; and let f.,;: C — C be the
family of maps, parameterized by ¢ and «, such that

Geio0(,8i(0)) = (feai(2),9:(0)),  forallz € C.

Using Theorem 2.1 in the space of non-parabolic unicritical degree d polynomials f., there
is a loop ¢: [0,1] — C which exchanges x; and ), leaving invariant all z; with ¢ ¢ I;. On
the other hand, there exists 7 > 0 such that |g}(9;(0))| > = if j > 0 and i ¢ I>. Hence,
using Lemma 2.2 in the same way as in the proof of Proposition 2.3, there exists o« > 0
such that for all i ¢ I5, the loop

[07 1] St fc(t),a,z
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is a contractible loop in the space of hyperbolic polynomials. Thus, the loop ¢ — G().q.,0
(conjugated by a path from G 0,0 to G, in product maps) acts trivially on the periodic
points z;(0) if ¢ ¢ I5. This remains true under small perturbations so there exists € € (0, €g)
such that ¢ = G (y).q. is a loop along which the periodic points corresponding to z1(e€)
and 7z (¢) are exchanged and those corresponding to z;(€), i ¢ I», stay unchanged.
Finally, we observe that the remaining case ¢ € I N Iy, corresponds to the two fixed
points (z1,0) and (2),0) of Go,, and these two fixed points are swapped by the con-
structed loop. However, using Proposition 2.3 it is easy to cancel this undesired permuta-
tion (see the beginning of the present proof about the case y; =y} and p = 1). O

We can now prove Theorem 1.6 when n = 2.

Theorem 2.7. For all N > 1,d > 2 and p = (p1,...,pN) € Zgo, the action by mon-
odromy of Xflp — 773 on its fibers is transitive. In particular, Xgp 1s 1rreducible.

Proof. Let pmax = max{pi,...,pny}. Recall that for n = 2, the map Fy: C? — C? is
defined by Fy: (z1,22) — (2¢,2%). It is enough to prove that, if (Fy,z1,...,2x) € Xip
and z; is another p;-periodic point of Fj then either z; and z, belong to the same cycle
and there exists a loop in 7762[ (Pmax) that cyclically permutes this cycle, sending z; to z;,
or z; and z; belong to distinct cycles and there exists a loop in 773 (Pmax) which exchanges
z; and z,. In both cases the loop should leave the points z; with j # ¢ unchanged as long
as z; is not in the same orbit than z;.

To prove this, consider the loop « given by Proposition 2.5 such the monodromy along
v turns z; (resp. z,) into some points x; (resp. x}) that are both of type (1,p). For
1 < j < N with j # 4, let x; be the analytic continuation of z; along 7. Let ¢ be the
loop given by Proposition 2.6. It exchanges x; and x| if they belong to distinct cycles or
otherwise, sends x; to x; in both cases leaving other cycles unchanged. Then, the loop
76+~ provides the necessary permutation of the periodic points. O

Using Proposition 2.3, the result extends to all dimensions.

Proof of Theorem 1.6 when n > 3. Let (Fy,21,...,2zN) be in Xip- Let z; be one of the
points in this data and let z, be another p;-periodic point of Fy which is not in the same
cycle than z; for all j # 4. The goal here is to obtain a loop 7 in P} (pmax) putting both
points z; and z, in the form required to apply Proposition 2.3 and then use the path
76+~ where ¢ is given by Proposition 2.3. Observe that this strategy cannot work when
d = 2 and p; = 2, since under these conditions there is a only one 2-cycle of the form
(0,...,0,2,). We will explain the case p; = 2 separately.

Let us write z; and z; in coordinates: z; = (x1,...,%,) and z; = (y1,...,yn), and define
(q1,--.,qn) and (ry,...,m,) as the periodic types of, respectively, z; and z,. If we assume
that p; # 2 then maxi<j<,q; # 2 and we can assume that this maximum is equal to
Gn. From that, (z1,z,) is a periodic point in dimension 2 of period s, the least common
multiple of (g1, ¢n). In the same way, (y1,yy) is a periodic point of period ¢. By Theorem
2.7, there exists a loop in P?(pmax) sending (z1, ) to (0,z,) and (y1,y») to (0,y),), for
some periodic points z, and y/, of z — 2% of periods s and t respectively. Lifting this loop
to the space P} (Pmax), we obtain a loop that sends z; = (z1,...,z,) to (0,z2,...,Tp_1,2],)
and z; = (y1,...,yn) to (0,y2,...,Yn—1,9,). The proof is concluded by induction on the
number of nonzero coordinates of the periodic points to obtain the points in the desired
form for which Proposition 2.3 can be applied.

It remains to consider the case p; = 2. First, observe that when z; and z are in the

1
same cycle, we can follow the construction above. Thus, assume that z; and z’ are not in

i
the same cycle. Then, there exist 1 < a < b < n such that the points (z4,xp) and (ya, ys)
are both of period 2 but in different cycles of the two-dimensional map (21, 29) + (2, 29).

Without loss of generality we can assume that (a,b) = (n —1,n). The result in dimension
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2 allows to assume that (x,—1,2,) and (y,—1,yn) are both of periodic type (1,2) with
ZTp—1 =0, yp—1 = 1 and z, = y,. Hence, for all j € {1,...,n — 2} both (z;,z,) and
(yj,yn) have period 2 so, using again Theorem 2.7, we can assume that they also have
periodic type (1,2). Hence, for each j € {1,...,n—2}, the points (z;,z,—1) and (y;, Yn—1)
are distinct fixed points (since z,—1 = 0 and y,—1 = 1), so by the 2-dimensional case we can
assume that z; = y; =0 for all j € {1,...,n—2}. Finally, (z,—1,2,) and (y,—1,yn) are in
different 2-cycles so we can assume that z,, = y, and x,,_1 = 0, y,—1 = 1. Hence, it remains
to exchange the periodic points of the form z; = (0,...,0,zy) and z, = (0,...,0,1,z,)
while leaving all other finitely many marked cycles unchanged. In order to do this, we
cannot apply Proposition 2.3 directly. However, we give an argument that combines ideas
from Proposition 2.3 and Proposition 2.6. Certain details are identical to the ones that
appear in the proofs of the aforementioned propositions and therefore are described very
briefly.

Same as in the proof of Proposition 2.6, let g. € Pé(pmax) be a polynomial with a
fixed point at zero and an almost parabolic 2-cycle located e-close to zero. Let gg be the
limiting map, for which 0 is a parabolic fixed point with multiplier —1. Note that for any
sufficiently small ¢ > 0, the map g. has no other periodic points of period < ppax in a
fixed neighborhood of zero.

Let

0,1] 5t—c(t) € C with ¢(0) =¢(1) =0
be a loop such that the corresponding loop [0,1] 3 t — w® + ¢(t) in the space of one-
dimensional polynomials exchanges the fixed points 0 and 1, leaving all other periodic
points of period < ppax unchanged.

Consider a linear form h(wi,...,w,—2,w,) that is not equal to zero for any input
(w1, ..., wp—_2,wy,), such that at least one coordinate of (wq,...,wy—2,wy) is not equal to
zero, and there exists w,_1 € C, such that (wi,...,w,_2,wy_1,wy) is a periodic point for

(Zlv e 7271) — (Zilv R 722—1790(27’&))

with period < 2ppax.
Finally, we construct a family of loops [0,1] 5 t = F} ¢ o € P (Pmax), parameterized by
«a and €, where

Ft,e,a(wh ey wn) = (wilv ceey w:lz—% w;-ib—l + OZh(UJl, <oy, Wn—2, wn) + C(t)7 ge(wn))
A path ~ that connects Fy with Fp ., can be chosen so that it takes the 2-periodic points
0,...,0,2,) and (0,...,1,2,) to respective almost parabolic points (0,...,0,&,) and
(0,...,1,Z,). Finally, using Lemma 2.2 as in the proofs of Propositions 2.3 and 2.6, one can
select a sufficiently small € > 0 and a sufficiently large o > 0, such that the loop t — F} o
exchanges the points (0, ...,0,%,) and (0, ..., 1, &,) while leaving all other periodic points
(w1, ...,wy) of periods < pmax unchanged, provided that at least one of the coordinates
W1, ..., Wnp—g is nONZEro or |wy| > €. Thus, the only “undesired” permutation, generated

by this loop, will be the permutation of the fixed points (0,...,0,0) and (0,...,1,0). We
can reverse this permutation by applying the first part of the proof (i.e., the case, when
the period is not equal to 2). ]

2.4. Extension of Theorem 1.6 to the space End;(P"). Next, we extend in Theo-
rem 2.8 the result of Theorem 1.6 to the space Endy(IP™) of degree d endomorphims of
P,

Exactly as above, for any n > 2,d > 2, N > 1 and p = (p1,...,pn) € ZY,, we define
Y, as the closure of

3 z; is a non-parabolic periodic
Yoo =14 (f,21,...,2n) € Endg(P") x (P")N'; point of exact period p; of f and no
two z; are in the same orbit of f
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Theorem 2.8. For all n,N > 1, d > 2 and p = (p1,...,PN) € Zgo, the action by
monodromy of Yi, — Endg(P™) on its fibers is transitive. In particular Y, is irreducible.

Proof. Again, let (Fy,21,...,2zN) bein Yo Pmax = max{pi,...,pn} and let z, be another
pi-periodic point of Fy, that is not in the cycle of z; when j # i. If both z; and 2| are in
C", then we can complete the proof by using the loop in P} (pmax) given by Theorem 1.6.
For the general case, since the loop we consider in the proof of Theorem 1.6 acts trivially
on periodic points at infinity (see Remark 2.4), it is enough to find a loop = in the space of
endomorphisms of P™ such that the analytic continuations of z;, z, and all other marked
points z; are well defined along v, and in particular, analytic continuations of z; and
z. are both in C". Then the loop v0y~! with the appropriate § given by Theorem 1.6,
provides the required permutation of the periodic points. Actually, using the monodromy
in P (Pmax), it is enough to consider the case when z; € C" with only non-zero coordinates
and z} is a point at infinity.

Thus, if the hyperplane at infinity corresponds to {[z¢ : ... : x,] € P"; 9 = 0} then we
can assume that z; = [yo : - 1 yy) and 2z, = [y : -+ 1y, with |y;| =1 forall 0 < j <n
and y, = 0. As z, has at least one non-zero coordinate, we can assume without loss of
generality that ¢} # 0. For each t € C\ {1/2}, define ¢, € Aut(P"™) by

Gelxg: iy =[(1—Oxo+txy s txg+ (L —t)zy 200 -+ 1y
From this, if 4 is a path in C\{1/2} between 0 and 1 then, using the fact that Fi commutes
with ¢1, we obtain that
Fi = (z)’y(t) oFpo Qi;é)
defined a loop < in the space of non-parabolic endomorphisms of P™. And, it is easy
to see that the analytic continuations of z; and z, end at [y; : yo : y2 : -+ : yn) and
[y : vy vh : -+ 1yl respectively, thus, both are in C™. O

2.5. Proof of Theorem 1.7. In the remaining part of this section we extend the result
of Theorem 1.6 to give a proof of Theorem 1.7 in both cases, P} and Endg(P"). Due to
Theorem 1.6, it remains to obtain permutations of the eigendirections. The idea is to find a
loop around the locus where a specific periodic cycle has a differential with a Jordan block.
Here again, the main difficulty is to accomplish this while leaving the eigendirections of
any predetermined finite set of periodic cycles unchanged. .

Given a positive integer pmax > 1, consider a Zariski open subset P} (pmax) C Py (Pmax)
of P (pmax) that consists of all the maps whose cycles of period less than or equal to pmax
all have distinct eigenvalues that are not equal to 1. The conditions on the eigenvalues
ensure that any eigendirection of any periodic point of period < ppax can be analytically
continued along any path in ﬁg(pmax). Note that the map Fy that was used as a base
point for the loops in the proof of Theorem 1.6, is not contained in 752 (Pmax)- The latter
is also a source of minor technical difficulties in the proof of Theorem 1.1 (see Section 1.4).

Remark 2.9. Observe that, except in Theorem 2.8, we had only used paths in skew-product
maps (with n — 1 independent coordinates). This can no longer be the case here because
these maps have n — 1 privileged eigendirections that stay unchanged along any loop in
such skew products. Moreover, the loops in Theorem 2.8 are conjugated to loops used in
Theorem 1.6. Thus, so far, all the paths we considered, whenever they lie in ﬁg(pmax),
act trivially on the eigendirections.

We first address the two-dimensional case. In what follows, we will consider loops of
the form [0,1] 3 t — F} o, defined by

Grea: (z,y) = (f(z) + e®™y, g(y) + ax),

where € > 0 is small and « > 0 is large. We will see in Proposition 2.10 that if 0 is a
fixed point of f with 6 := f/(0) non-zero and if yy is a p-periodic point of g such that
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(g?) (yo) = 6P then the loop above exchanges the two eigendirections associated to the
particular p-periodic point that is close to the periodic point (0, yp) of (x,y) — (f(x), g(v)).
To guarantee that the loop does not induce “undesired” exchanges of either periodic points
or their eigendirections, we first carefully choose the map ¢, and then the constants o and
€.

For ¢ € C, we consider the unicritical polynomial g.: z — 2% + ¢. Let p be a positive
integer and let ¢; € C be such that 0 is a p-periodic point of g, . For r > 0 small enough and
¢ € D(e1,1), gc has a p-periodic point y(c) close to 0 = y(c1), depending holomorphically
on ¢, such that A(c) := (¢%)(y(c)) # 0 if ¢ # ¢1. For ¢ € D(c1,r) and 0 < j < p — 1,
define also a;j(c) := g.(g2(y(c))). Observe that, since the unique critical point of g. is 0,
for 1 < j <p-1,aj(c1) := g.,(¢g2,(0)) # 0. In particular, if R > 0 is fixed then for ¢
sufficiently close to c1, no 6 € C satisfying 67 = A\(c) is a root of a polynomial of the form

p—2 p—1
(2) XPU 4N b x4+ ] ag(0),
j=1 j=1

where |b;| < R for 1 < j < p — 2. In what follows, we fix such ¢ # ¢; for
R=sup{l+la;()];0<j<p-—1, ¢ € D(c1,7)}".

From that we define g := g, A := A(c), yo := y(c) and we choose f € P} without parabolic
cycles and with a fixed point at 0 and such that 6 := f/(0) satisfies 67 = A.

Proposition 2.10. Let p, f and g be as above and let pmax > p be an integer. If a > 0
is sufficiently large and € > 0 sufficiently small, we have the following property. The loop
v defined by

Gi(,y) = (f(z) + e* ™y, g(y) + ax)
for t € [0,1] is in ﬁg(pmax). Moreover, if z € C? is a periodic point of Gy of period at
most pmax and v € P! is an etgendirection associated to z then

e the analytic continuation of z along 7y is z,

e the analytic continuation of v along v is v unless z is a point in the cycle com-
ing from the natural continuation of the cycle of the periodic point (0,yo) for
(x,y) = (f(x),9(y) + ax). In this case, the action of v exchanges v with the
second eigendirection.

Proof. By Lemma 2.2, there exists @ > 0 such that if £ # 0 is a periodic point of f of
period | < pmax then

h:=h_j0---0ohy where hi(z):=g(z)+ afi(z)

is hyperbolic with an expanding constant larger than |(f!)'(#)| + 1. Hence, since f has
no parabolic cycles, an m-periodic point (Z,79) of Hy := (z,y) — (f(z),9(y) + az) with
m < pmax and T # 0 can be followed with its eigendirections in a small neighborhood of
Hy. (Here, we use that HJ"(Z,y) = (&,h"(y)) where m = rl.) The same statement also
holds for m-periodic points of the form (0, ), where g is not in the orbit of yg, since g is
unicritical and thus has a unique non-repelling cycle (the one that contains yg). Thus, the
only cycle which can be affected by a loop near Hy is the cycle through the point (0, yo).
As this cycle is attracting, it can also be followed locally so the only thing to prove is that
the loop 7 in the statement swaps the eigendirections of this cycle.

Recall that 6 := f/(0) verifies 7 = X := (¢”)(yo). For 0 < j < p — 1, define a; :=
g (¢’ (yo)) in such a way that \ = H?;é aj and

6 0 A0

D 090 Ho = (a aj) and thus Do,y (Hy) = (O‘P )‘> ’
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where P = P~1 4+ Z?;% b;07 + H?;% a; with bj := Hf;jlﬂ a;. Observe that the choice of ¢
to define g(2) := 2% + ¢ ensures that 6 is not a root of a polynomial of the form (2). Thus,
P #0.

Now, for € € C define H.: (z,y) — (f(z) + ey, g(y) + ax) and denote by z(e) = (x, yc)
the analytic continuation of (0,yp) as a p-periodic point, when e is small. By the previous
computation, there exist a constant ) € C and holomorphic maps ¢;, 1 < ¢ < 4, such that

A+epi(e)  €Q+ € pa(e)
Dy, o) (HE) = <aP—|—e<Z1>3(e) )\+6¢4(2€) ) '

A simple computation gives that Q = 6P~1 + Z?;f b;07 + H?;g a; with b; == Hf:_g_Q a;.
Given that P = \ = Hf:_ol a;, we have that

00 p—2 p—1 p—j—1
_ pp—1 E 7 0J | | . 3 p.o— | | .
70 = Hp =+ bjej —+ aj Wlth bj = a;.
j=1 j=1 i=1

Thus, the fact that 6 is not a root of a polynomial of the form (2) ensures again that
Q # 0. Furthermore, the two eigenvalues of D(,_,, )(H¢) are

2)\ + €(¢1(€) + dale)) £ \/4eaPQ + €2¢5(e)

2 )
where ¢5(€) = (¢1(€) — da(€))? + 4(Qp3(€) + aPpa(€) + epa(€)ds(e)). Since PQ # 0, if €
describes a loop of index 1 around 0 in C*, close enough to 0, then the same holds for
4eaPQ + €2¢5(€). Hence, such a loop exchanges the two branches of the square root, i.e.
it exchanges the two eigenvalues of D( H?) and thus the two eigendirections. U

xeyye)(

Finally, we combine Proposition 2.10 with Theorem 1.6 and Theorem 2.8 to give a proof
of Theorem 1.7.

Theorem 2.11. For all n,d > 2, N > 1 and p = (p1,...,pn) € ZY,, the action by
monodromy of Zg, = Py oon its fibers is transitive. In particular Zgp is irreducible.
Moreover, the same holds for the corresponding space over Endg(P").

Proof. Define ppax := max{p;; 1 < i < N}. We first fix 1 <i < N and take f, g and yo
as in Proposition 2.10 with p = p;. We then choose fi,..., fn € 775 for which 0 is a fixed
point and such that the spectra

S(h) :={\ | 1 < ¢ < pmax, A is the multiplier of a p-periodic point of h with p < ppax}

are pairwise disjoint for h € {f, f1,..., fn} and do not contain 1. This holds for a generic
choice of (f1,. .., fn). It implies that the product map F': (x1,...,2,) — (fi(x1),..., fu(zn))
is in P} (Pmax)-

Now, let (F,((zj,v;))1<j<n) be a point in Zj over I and recall that i has been
fixed above. Since F is a product map, the eigendirection v; corresponds to an axis
€ :=[0:---:0:1:0:---:0] with a 1 at the s-th coordinate. Let 1 < r < n be another
integer. By Theorem 1.6, to prove the statement it is enough to find a loop in ﬁg(pmax) at
F which exchanges (z;, v;) with (z;, e,), leaving unchanged all the pairs (z;, v;) for j # i.
This is what Proposition 2.10 provides when n = 2 but we have to pay attention to the
extra dimensions.

To simplify the notations, assume that s = 1 and r = 2. Using the assumption on the
spectra above and Lemma 2.2, if a > 0 is large enough then the p-periodic points of

G: (x1,...,2n) — (g9(x1) + axe, f(x2), f3(x3),..., fulzn))

with p < pmax only have simple eigenvalues. Hence, by Theorem 1.6 and Remark 2.9, there
is a path in PF (pmax) from F' to G such that the analytic continuation of (z;, v;) is (2}, v;)
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where z; = (yo,0,...,0). Recall that yo is a p;-periodic point for g as in Proposition 2.10
and that 0 is a fixed point for f and all f;. In order to only permute the direction of z,
we continue the deformation to

H: (xb .. 'axn) — (g(-:Ul) + azxo + Z quga f(.%'g),fg(l’g), v >fn(xn))7
3<q<n

where 0 < 83 < --- < 3, are large constants obtained by induction using Lemma 2.2 in the
following way. For each 3 < g < n, let Ry > 1 be such that the annulus D(0, R,)\D(0, R; )
contains all the p-periodic points of f,, with p < ppax, except 0. Ry is defined in the same
way using f. We set Ky := D(0,Ry) \ D(0,R; "), K4 := D(0,R2) \ D(0,R,?) and we
choose a constant C' > 0 which largely dominates the derivative of f and of the f; on their
Julia sets. Then, (3 is given by Lemma 2.2 using the constant C' and the compacts Ko
and Lo :={g+1;1 € D(0,aRy)}. By induction, 3, is defined in the same way with K,
and Ly—1 :=={g+1;1 € D(0,aRs + Efn_:l?) BmR2,)}. These choices ensure that if € > 0 is
small enough then the loop [0,1] > ¢t — Hy, where

Ht: (1'17 cee 7xn) = (9(231) + axo + Z /qugv f(:EQ) + Ee%?rtml» fg(-’ﬂg), B fn(l‘n))v
3<g<n

acts trivially on (z;-7 v;) if the last n — 2 coordinates of z;- are not simultaneously equal
to 0. Moreover, since the coordinates x, are squared, if the last n — 2 coordinates of z;-
vanish then the action of the loop on such points z;- is the same as the one described in
Proposition 2.10, i.e., it only exchanges (z;, e;) with (z}, e2). This concludes the proof over

Py
The case of Endgy(PP"™) follows in the same way using the arguments from the proof of
Theorem 2.8. U

3. THE DIAGONAL ENTRIES OF THE JACOBIAN AND THE EIGENVALUE MAPS

We recall that for a positive integer pmax > 0, the set P} (pmax) C Py is the Zariski
open subset of P} that consists of all maps whose cycles of period less than or equal to
Pmax don’t have eigenvalues that are equal 1. We also consider a Zariski open subset
75; (Pmax) C Py (Pmax) of P} (Pmax) that consists of all the maps whose cycles of period less
or equal than py.x all have distinct eigenvalues that are not equal to 1. The assumptions
on the eigenvalues ensure that each periodic point of period less or equal than py,.x can be
followed locally and analytically in P} (pmax), and every eigenvalue of such a point can be
followed locally and analytically in the smaller subset ﬁg(pmax). Analytic continuation of
either a periodic point or its eigenvalue is then well defined over P} (pmax) and 753 (Pmax)
respectively and results in a (multiple valued) algebraic function.

More specifically, for a map Gy € P} (pmax) and a periodic point wg € C™ of Gy with
period p < pPrmax, there exists a neighborhood U C P} (pmax) of Go, such that analytic
continuation of the periodic point wg is well defined in &/ and results in an analytic (single
valued) map U 3 G — w(G) with w(Gg) = wy.

For each index k = 1,...,n, one can consider an analytic function

Pk,wo - u— C,

defined as the k-th diagonal entry of the Jacobian matrix DG?P evaluated at the point
w(G). Furthermore, if a neighborhood Y C U is simply connected and contained in
ﬁg(pmax), Go € U, and Ay € C is an eigenvalue of the Jacobian matrix DG}, then the
analytic continuation of this eigenvalue is well defined and gives an analytic map

AU —C
defined (and single valued) in the neighborhood U and satisfying A(Gg) = Ao.
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A natural choice of local coordinates in U can be described as follows. For each index

m = 1,...,n, let e, denote the m-th coordinate unit vector in C". For a multi-index
I = (i1,...,i,) and an index m € {1,...,n}, let z/ denote
zl = zil g and define

Pp:C"—C" by Pp1(z) = zle,,.
If 77 is the set of multi-indices I, for which P, ; € P, then all polynomials
{Pn1|1eZy,1<m<n}
form a local basis at any point of 4. Thus, for each I € 77, 1 < m < n we can consider the

directional derivative operator Oy, r in the direction of the polynomial P,, ;. In particular,
for each G € U, we define

d
(3) 8m,lpk,wo (G) = % Pk,wo (G + th,I)»
t=0
and for each G € U, we define
d
(4) 8m7[A(G> = — )\(G + thJ).
3 P

Remark 3.1. Note that the derivatives (3) and (4) are well defined even when the multi-
index I does not belong to Z)} (i.e., I can have components greater than d). It will be
assumed in all subsequent statements involving the above derivatives that the multi-index
I does not necessarily belong to 77}, unless stated otherwise.

Next, consider a restricted class of maps that consist of all polynomials of the form

Fe(zi,..vzm) = (20 +c1, 284 o, ..., 20 + ¢n),
indexed by the vectors ¢ = (c1,...,c,) € C*. Let A C P} be the set of all such maps,
i.e.
n={F.|ceC"}.
For each pnax > 1 we also introduce the sets
.Ag (pmax) = .Ag N 733 (pmax) and
AQL (pmax) = «43 N 75le(pmax)-

Lemma 3.2. (1) The sets A7} (pmax) and flg(pmax) satisfy .Zlg(pmax) C Al (Pmax) and are
Zariski open in Ajj, for any integer pmax > 1.

(2) Given a periodic point wy of Gy € Ag(pmax) and an eigenvalue map A as above,
defined in a neighborhood U of Gy in ﬁg(pmax), there exists an index k € {1,...,n}, such
that the following holds:

° )\ = pk7w0 on Z/NI N Ag(pmax)y ~
o for any m = 1,...,n and any multi-index I, we have Opm 1A = Om 1pkw, 00 U N
Ag(pmax)~

Proof. The Jacobian matrix of any G € A7} at any periodic point of period p is diago-
nal; the elements on the diagonal of GP (i.e., the eigenvalues) are the multipliers of the
corresponding periodic points for the one-dimensional maps z — z% + ¢;. By changing
the constants ci,...,c,, one can change these multipliers independently from each other,
hence, the sets AJj(pmax) and flg(pmax) are complements of the union of finitely many
codimension 1 algebraic subsets. This proves (1).

Assume, G € U N Ag(pmax) and the marked periodic point w = w(G) has period p.
Given a polynomial P, ; define a local one-parameter family of maps Gy := G + tFP, 1,
parameterized by t € (C,0). According to the Implicit Function Theorem, the periodic
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point w(G¢) and the Jacobian matrix J; of G} at w(G;) are well defined for ¢ close to
zero. Due to the skew product structure of the maps G, it is not difficult to check that
Ji is a matrix whose only nonzero elements are located either on the diagonal, or in the
m-~th row. The eigenvalues of such a matrix are the diagonal elements, which immediately
implies the statement of part (2). O

4. PARTIAL DERIVATIVES OF THE MAPS pj, w,
Consider the map Fy € P} defined by
d d
Fo(z1, .- 2n) = (25, ..., 20)-

For any pmax > 1, the map Fy belongs to the difference A% (pmax) \ A% (Pmax) since it does
not have multiple periodic points, but has fixed points and cycles with equal eigenvalues.

For any periodic point wg of Fy with period p < pmax, there exists a neighborhood
U C P} (pmax), such that for any index k = 1,...,n, the map pjw, is well defined and
analytic in U.

Given a multi-index I = (i1,...,4,) as above, let I denote the multi-index, obtained
from I by changing iy to 0. That is,

(5) Ik:(ilv--'7ik—1707ik+1>"'7in)‘

The main technical result of this section is the following lemma.

Lemma 4.1. Assume that in the above notation, none of the coordinates of a periodic
point wog = (w1, ..., wy) € C" are equal to zero. Let p be the period of wy. Then for any
multi-index I = (i1,...,i,) and any k,m € {1,...,n}, the following holds:

0 ifm#£k

am W Fy) = i in—
Pewo (F0) {(ikdp Lo ar) S wh ) d D =

Proof. If m # k then the lemma is obvious since in this case pjw, is constant along the
family of maps F; = Fy + tP,, ;. Thus, we focus only on the case when m = k.

Let (wo(t), wi(t),...) be a periodic orbit of the polynomial F; = Fy+tPy 1 with w;(t) =
Witp(t) for all integers i and wo(0) = wy. For each index i € N and ¢t € (C,0), we
write w;(t) = (w;1(t),...,win(t)) € C". To simplify the notation, we will abbreviate
W; = WZ(O) and Ws; s = wm(O).

First we will compute the derivatives dwiﬁ ®) ‘ o We note that
t=
dw; (t
Wis (1) =0 for all s # k.
dt |,
or s = k, since w11 1(t) = (w; + t(w; , we have
F k, si 1kt K(0)? ))!, we h
dwit1,x(1) d—1 dwik I
__rrerA 7 — d C —2(0 L
at |, Uik g (0) +w;

Since wj ;,(t) = wi, , ;(t), from the previous equality it follows that

d—1
Zs 0 WH—S Hr s+1 (dwz—i-r k)
t=0 1-T1C <dwf+slk> .

Now we recall that w; s = wgz and wgz = w; k, since wj j is a periodic point of z 2,

Since wo 1 # 0, we know that w; ;, # 0 for all ¢ € N, hence w‘.ﬂ,;_l = 1. Using this we get

-1 s d7'+1_dr 1 dp ds+1 s
dw; 1. (t)  Yeo(w DL | Wy Zp dP= (w)?
dat  |_y 1—dap 1-— dp

dwi,k(t)
dt
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wip Y02 AP hwpt (whE wd SRy drs g (wih e
1—dp B 1—dp
Now we can compute Ok, rprw,(Fo). Observe that, using the definition of I} as in (5), if
frj(2) = 24 4tz (w fk)df then
Prwo (Ft) = ft/,o(wo,k(t))ftl,l(wl,k(t)) e fz‘{,pfl(wpfl,k(t))’

and by the derivative of a product formula we have

dw; . (t
o1 fawi) 0| il (i)
ak,[pk,wo (FO) = Pk,wo (FO) f/ ( ) =
Z'ZO 071’ 7
_o dw; x(t 1,1
pp—l d(d— l)kaQ wd’;( ) ‘t: + ik w““ (Wok)d
d dwd -
=0 i,k
p— 1dp s—1%° ST (ig—d)  Tpyasti i ;
dpp—l d(d — 1w d(d 2) kaz l_oC,lI; (wWo") T+ wgk(:lk 1)(Wék)d B
Z dw di(d—1) -
=0 Ok
_1 A5+ (ip—d) ;T\ gs+i
Rl d(d - 1) g dr gy Y (wgt) i) Ty
+ ipw, (wor) =
2 T—a 0,k 0
1=
. op—1 = di(ig—d) s Ind' dp(d ) p—s—1 ds+z (ik— d Ik dsti
ird ;wo’k (W) + ———= 7 Zd Z L

s+i(G, — s+1
Since wy is a periodic point of Fy of period p, it follows that the sum » 2~ ! gk (t=d) (wé’“)d -

is independent of s, and

p—1 p—1
wiy BN w2 3wl D (wl
i=0 i=0
Hence,
p—1
ak,lpk,wo(FO) _ (ikdp_l de 5— 1> (C)lllgikfd)(wék)di _
=0

(ipdP™t — Z Z’“ d) )di.

=0
We finish the proof by observing that wg ; = wy.

Recall that the dimension of the moduli space 733 is

nNd,n:n[<d+n> —n—l}
n

Let 733 C P} be the space of maps
(6) (21, -y zn) = (f1(z15 oy 2n)s e ooy (21, -5 20)),

where for each £ = 1,...,n, the polynomial f; has a vanishing constant term, and contains
the monomial zg with a constant coefficient 1 and all monomials z? with j # k with a

constant coefficient 0.
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Note that dim 7/5"; = nNg . For the fixed d and n, a multi-index [ is called admissible,

if the map Fy+1tP 1 belongs to 73d", for any t € C. One can easily check that a multi-index
I = (i1,...,ip) is admissible if and only if I # (0,0,...,0) and i; # d for any j = 1,...,n.

Lemma 4.2. Let n,k > 1 be integers, such that k < n, and let I = (i1,...,i,) be an
admissible multi-index. Assume that wo = (w1,...,wy,) is any periodic point of period
p > 1 for Fy, such that w; # 0 for any j =1,...,n. Then

=1
O, 1P1wo (F0) = wi ™ Qe r(wo),

where Qk.1(21,...,2n) is a polynomial with

deng Qk,] = ijdp_la fOT’j 75 k, and

(ig. + DdP~t =1, for0<ip<d—2

deg,, Qr.r1 = {dp—l -1 forip=d—1.

Furthermore, if p > 2, then for any two distinct admissible multi-indices I and I', the
polynomials Q.1 and Qp p do not contain monomials that are proportional to each other.

Proof. We will write z for a vector (z1,...,2,) € C". The existence of the polynomial
Q1 follows immediately from Lemma 4.1 and the fact that wgp = wg: if ip # d — 1, then

Qui(z) = (ird” ™! = ") <<sz>d“z§§” (DTN gl ) ,
=0

and if i), = d — 1, then

p—1

_ i gp—1_gi

Qk,I<Z> = P 1Z(Z1k)d ZZP dr
=0

In both cases the corresponding degrees of the polynomials can be computed.
Finally, suppose that for two distinct admissible multi-indices I and I’, the polynomials
Qk,1 and @y v have proportional monomials. Then these monomials must be of the form

il
J

c(zlk)dizi and d (z'%)? 2,

for some constants ¢, ¢ € C and some indices i,7’, j.

If Ij, is not the zero vector, then since all elements of I, are not greater than d — 1, it
follows that I = I} and i =i'. If i < p—1, then j = d'(i —d) +dP~! = d'(i}, — d) + dP71,
which implies that i, = 4}, so I = I’, which is a contradiction. Now in the case i = p — 1
we conclude from the formulas for Qg that j = 0if iy =d—1or j = dP " (ix +1) — 1
otherwise. Similar formulas hold when index j is expressed through 4. Since p > 2 and
ir < d, these formulas imply that i, = 4}, hence, I = I', which is a contradiction.

Finally, if Ij, is the zero vector, then so is I;. In this case, since I and I’ are admissible
multi-indices, both i;, and 4}, are strictly positive. This implies that if j > 2dP~1 — 1, then
j=d" (i +1)—1=dP (i}, + 1) — 1, hence, iy, = i} = d—1, and I = I’, which is a
contradiction. Otherwise, if j < 2dP~' — 1, then j = d' (i), —d) +dP~' = d (¢}, — d) + dP~ 1,
for some indices ¢ and . Since 1 < iy, i) < d—1, it follows that i = ¢’ and i), = 7}, hence,
I = I, which is a contradiction. O

Remark 4.3. Tt follows from the proof that the requirement p > 2 in the last part of the
lemma is essential.
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5. INDEPENDENCE OF THE MAPS Pk.wo, FOR SELECTED PERIODIC ORBITS

The main result of this section is Proposition 5.1, stated below.
For a fixed pair of integers d and n, let Z denote the set of all admissible multi-indices.
Note that |Z| = Ng . Let
I:{1,2,....Ngn}—1T

be any fixed bijection (enumeration of all admissible multi-indices).
Proposition 5.1. Given any finite sequence of integers

P11, -3sP1,Ngyn P2,15- -3 P2Ng -+ Pn,ls -+ -3 PnNg >
such that py j > 4, for all pairs of k € [1,n] and j € [1, Ngy], there exists a corresponding
finite sequence
Wiil,--- 7W17Nd’n7 W21, 7W27Nd7n7 -y Wi, 7Wn,Nd7na

of periodic points of Fy, belonging to distinct periodic orbits, and such that
(1) for each k € {1,...,n} and j € {1,...,Ng,}, the period of Wy j is pi j;

(ii) for each k € {1,...,n}, the maps prwy s Pkwyzs - Prwy v, are locally indepen-
dent at Fy. More specifically, the Jacobian matrix 1
Ok, 1(1)Pk,wy,., (F0) Ok, 12)Powis (FO) -+ o Ok 1(N) Phowi s (FD)
= Ok, 1(1)Pk,wy,.» (F0) O, 12)Powi 2 (FO)  -oo Ok 1(Ny) Phwi o (FO)
O, 1) Phowr o, (FO) Ok 1(2)Phowi, , (FO) o Oka(Ny ) Phwiw,,, (FO)

has a nonzero determinant.

The proof of Proposition 5.1 will be based on two technical lemmas, stated and proved
below. First, we start with a definition:

Definition 5.2. For a positive integers s € N, we say that a polynomial P(z1,...,z,) is
an s-polynomial if degzj P <s, forany j=1,2,...,n.

Remark 5.3. Note that the polynomials Q) ; from Lemma 4.2 are (d” —dP~1)-polynomials.

Lemma 5.4. Assume, d and p are two integers such that d > 2 and p > 2. Then
for every non-identically zero (dP — dP~1)-polynomial P: C* — C, there erist at least
(a1 —al[/p/Q])(alp_1 — 1)L periodic points w = (w1, ..., wy,) of period p for Fy € P, such
that wyws ... wy, # 0 and P(w) # 0.

Proof. Define the sets
Per, :={w € C| w is a periodic point of period p for the map z — 24}

Fizy:={w e C|w#0 and w” = w}.

Note that since p > 1, we have 0 € Per,. Since the map z — 2% has no multiple periodic
points, it follows that

|Fizy,|=d? —1  and  |Per,| > dP — dP/¥,
where the square brackets denote the integer part. (The second inequality follows imme-
diately from the formula d? =3~ |Pery|, where the summation is taken over all k > 1
that divide p.) The set
S := Per, x (Fiz,)" * c C"
consists of periodic points of period p for the map Fy and none of the coordinates of the

points from S are equal to zero. We will show that the set S contains the required number
of points at which the polynomial P does not vanish.
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Express P as a polynomial of n — 1 variables 29, 23, ..., 2, with coefficients from the
ring of polynomials of the remaining variable z;. Since P is not an identical zero, at least
one of these coefficients is not an identical zero as well. Let us call it g;(z1). Since P is
a dP — dP~'-polynomial, we have degq; < dP — dP~!. Comparing it to the size of the set
Per,, we conclude that there exist at least dP~! — d[P/? elements of Per, at which the
polynomial ¢; does not vanish. Let wy € Per, be any of such points. Then the polynomial
Py(z9,23,...,2n) = P(wy, 22,23, ..., 2,) is not an identical zero.

Next, we express P| as a polynomial of n—2 variables z3, 24, . . ., 2, with coefficients from
the ring of polynomials of the variable zo. Again, since P, is not identically zero, there will
be a coefficient g2(22) that is not an identical zero. Again, since P is a d” —dP~!-polynomial,
we have deg g < dP —dP~!, and since |Fiiz,| = dP — 1, there exist at least dP~! —1 elements
of Fix, at which the polynomial go does not vanish. If wo € Flix, is any of such points,

then one can consider the polynomial Py(z3, 24, ...,2,) = P(wi,w2, 23, 24, - . . , ) Which
is not identically zero and proceed in a similar way for all remaining variables zs3, ..., z,.
As a result, it follows that there exist (d?~! — dP/2))(d?~' —1)"~! elements of the set S at
which the polynomial P does not vanish. ]

Lemma 5.5. For any p >4, d > 2 and n > 2, the following inequality holds:
PNy, < (P! — d[p/2})(dp71 — 1)t
Proof. Observe that

no1d+n
n

(7) pnNg, < pn <d j; n> <pn(d+1) =p(d+n)(d+1)" 1.

By direct computation one can verify that

d
%(d + m)l/(x_l) <0, when d > 2 and = > 2.

Thus, (d+n)Y®=Y < d+ 2, and from (7) it follows that
pnNayn < pl(d+2)(d+ 1))
If p>5o0rd>3, then (d+2)(d+1)<d’~! -1, s0
PNy, < p(d@~ ' = 1)t < (@t = dPP (@ -t

as required.
In the remaining case p = 4, d = 2, the original inequality transforms into nNp , < 7L
When n = 2, this inequality can be verified by a direct computation. For n > 3, we have

P P
nNyp < n( +"> SERY: (o L S VO PSR
n n

which completes the proof. O

Proof of Proposition 5.1. In the proof we assume that n > 2. The case n = 1 is fully
covered in [18].

For k =m € {1,...,n} we assume that the periodic points w; ; with i < m are already
selected so that properties (i) and (ii) are satisfied. Now we will choose the periodic
points Wi, 1,. .., Wi N, ,, S0 that det Jy, # 0. The proof will go by finite induction on the
second index (i.e., from 1 to Nd,n)- The points Wy, 1,. .. s Win, Ny will a posteriori belong
to distinct periodic orbits, since otherwise det J,, cannot be nonzero. An appropriate
counting argument will also imply that these points can be chosen so that they do not
belong to the periodic orbits, that were previously selected for the smaller values of k.

Fix k =m € {1,...,n}. The base of the induction argument can be done as follows:
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observe that 9y, 1(1)pm,w,, . (Fo) is a (dPm1 —dPm1~1)-polynomial when viewed as a poly-
nomial of the coordinates of the p,, 1-periodic point w,, 1. Hence, according to Lemma 5.4
there are at least (dPm1 =1 — @lPm.1/2)(gPm1=1 — 1)"=1 choices for Wy, 1, such that

(8) Om,1(1)Pm, w1 (F0) # 0.
On the other hand, the total number of previously selected periodic points w; ; of period
Pm,1 together with the other points from their orbits does not exceed (m — 1)py, 1 Ngpn <
(n —1)pm,1 N Then Lemma 5.5 implies that one can select the point w,, 1 so that (8)
still holds and w,,, 1 does not belong to the periodic orbits of w; ; with i < m.

Now we do the induction step. Assume that for j € {1,..., Ny, — 1}, the periodic

points Wy, 1, ..., Wy, ; are selected so that the matrix
am,I(l)pm,wm,l (Fo) ... am,l(j)fom,wm,1 (Fo)
o 8m,I(l)Pm,wm,Q (FO) e am,I(j)Pm,wm,Q (FO)
Jm7] -
8m,[(1)pm,wm,j (Fo) ... am,I(j)pm,wm,j (Fo)

has a nonzero determinant. Then, together with the second part of Lemma 4.2, this implies
that the co-factor expansion of detJp, ;41 along the (j + 1)-st row is a non-identically
zero polynomial of the coordinates of the point w,, ;1. Furthermore, it follows from
Lemma 4.2 that this is a (dPmi+1 — @Pmi+1~1)-polynomial, so exactly the same argument
as in the previous paragraph shows that one can select the periodic point w,, j4+1 so that
det Jp, j+1 # 0 and wy, j+1 does not belong to any of the previously selected periodic
orbits of the points w; ; with ¢ < m. This completes the proof of the induction step, and
since Jp = Jm Ny, » the proposition follows. ]

Remark 5.6. For the proof of Proposition 5.1, it is sufficient to use the inequality
(p— 1)nNgy < (7' — dP/2) (@t — 1)n

which is weaker than the one from Lemma 5.5. We will need the inequality from Lemma 5.5
for the proof of Proposition 6.3 below which is required for establishing Theorem 1.2.

6. PROOF OF THEOREM 1.1 AND THEOREM 1.2
6.1. Polynomial case.
Proof of Proposition 1.8. Given a finite sequence of periods p1,...,pnN,, = 4, let

Wiil,--- 7W17Nd’n7 W21, 7W27Nd7n7 -y Wity 7wn,Nd7na

be the corresponding finite sequence of periodic points provided by Proposition 5.1. Con-
sider the corresponding functions

(9) pl,Wle e 7p1,W17Ndyn ) pQ,W2717 cee 7P2,W2’Nd’n7 ceey Pn,wn,p oo 7Pn,wn,Ndyn .

It follows from Proposition 5.1 that these functions are locally independent at Fg. Indeed,
according to Lemma 4.1, the Jacobian matrix for these functions is block-diagonal with
blocks Ji,...,J, as in Proposition 5.1. Since according to the same proposition, each
block has a non-zero determinant, the same also holds for the whole Jacobian matrix.
Note that Fy € Aj(pmax) \ Aj (Pmax), Where pmax = maxi<j<nn,,{pj}, so according to
part (1) of Lemma 3.2, there exist maps in Ag (Pmax) arbitrarily close to Fy. At the same
time, part (2) of Lemma 3.2 implies that the Jacobian matrix of the functions (9) coincides
on flg(pmax) with the Jacobian matrix of some eigenvalue functions of the same periodic
orbits. Now, by continuity of the partial derivatives, it follows that these eigenvalue
functions will be locally independent at a map F &€ .[lg(pmax) sufficiently close to Fy. [

Proof of Theorem 1.1. On P}, the theorem follows directly from Theorem 1.7 and Propo-
sition 1.8 exactly as discussed in Section 1.4. U
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6.2. The case of endomorphisms of P". The proof of Theorem 1.2 follows the same
approach as the proof of Theorem 1.1. Below we outline the key differences in the proofs.

We use the standard homogeneous coordinates [zp: z1: ...: 2z,] in P®. The subset
{[z0: ... zn] € P" | 20 # 0} is naturally identified with C™ via the projection

[20: 210 ... 2] ¥ (21/20, 22/20, - -, 2n/20) € C"

to the affine chart.

To every multi—indeNX I'=(i1,... i) € Z8, with |I~| = > % ,ij < d, we can associate:
a unique multi-index I = (ig,i1,...,iy) € Zgg{ with |I] := 37" gi; = d. A multi-index [
respectively determines I. As before, z! and z! will denote

I 10 i1 7

7l =2 and z' =202z
Similarly, we can consider the monomials
Py, 1(z) =zle,, form=1,...,n, and
ij(i):ilem, form=0,...,n.

Let fg denote the set of all multi-indices I = (ig,i1,...,in) € 725! with |I| = d. Then
all monomials
{P,7l TeI?0<m<n}
form a local basis at any point of Endy(P").
Each map F' € P} can be naturally viewed as an element of Endg(P") by the standard
extension to F: P — P" via homogenization. Then for each m # 0, a perturbation

F+ tP_ 7 can be viewed in the affine chart as F'+1tP,, ; for the corresponding multi-index
I. If m =0, and

F([z0: ...:zn]) = [zg: fi(z0,2): ... ¢ fu(z0,2)],

then the perturbation F + tP, ; is represented in the affine chart as

o f1(17z) fn(lﬂz)

If a periodic point Wq of F is finite (i.e., can be covered by the affine chart), then
by passing to the affine chart, one can define the eigenvalue functions A and the maps
Prkwos B = 1,...,n on a neighborhood of F in Endg;(P™) in exactly the same way as in
the polynomial case (c.f., Section 3). Similarly, one can use the affine chart to define the
partial derivative operator 3m7 7 on these functions for every Ie fg and m=0,...,n.

Note that the map Fy extends via homogenization to a degree d endomorphism Fy of
P
Fo([z0: 210 -0t 2g)) = [23: 28 0 2]
Next, we state a version of Lemma 4.1 for the space Endg(P").
Lemma 6.1. Assume that in the above notation, none of the coordinales of a periodic
point wo = [1: wi: ...: wy] € P" of Fy are equal to zero. Let pre the period of W
and define wo = (wy,...,w,) € C". Then for any multi-index I = (ig,...,in), any
ke {l,...,n} and any m € {0,...,n}, the following holds:
0 ifm#0and m#k
O 1Pksi0 (F0) = { (igd? ™t = dP) S50 (wit) e ™ ifm £ 0 and m = k
—ipdP S (Wi if m=0.
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Proof. The first two lines in the above formula for the partial derivatives 0 . 7ok w, (Fo)
comes directly from Lemma 4.1. For the third line, if m = 0, then the corresponding
perturbation of Fj can be written in the affine chart as

d d
21 Z d d_I _d d I d d, I
(10) F07t(Z) = <1+tzl, ey 1_|_ntZI> — (Zl _tZIZ ,Z2 —tZ2Z ""7Z7’L_tznz )+0(t),

where o(t) denotes the higher order terms in ¢. Then, applying Lemma 4.1 to the latter

expression yields the formula for 9, ij,w0<F0) in the case when m = 0. O
Similarly to the polynomial case, we say that a multi-index I= (0 ... ,1n) is admissible
if i; # d for any j = 0,...,n. Below we state the new version of Lemma 4.2.

Lemma 6.2. Under the conditions of Lemma 6.1, assume that p > 3 and the multi-index
I is admassible. Then

0, Pk (F0) = w;;dp_lQm,kj(Wo)»
where Qm,k,f(zl’ ...y 2n) 18 a polynomial, such that
(i) Q1.7 is tdentically zero if and only if either 0 <m %k orm=0 and i, =0;
(ii) if d=2, m=0, i, =1 and j =k, then
deg,, Qqpf=d" —d" .
In all remaining cases, we have

deg,, Q. ; < dP —d’".

Furthermore, for any k = 1,...,n and any two distinct pairs (m,I) and (m',I'), where
I and I' are admissible multi-indices and 0 < m,m’ < n, the polynomials Q,, i and
Q. 1.i» do not contain monomials that are proportional to each other.

Proof. The existence of the polynomial @, . ;7 for m # 0 is proven in Lemma 4.2. Now if

m = 0, then, using Lemma 6.1 and the fact that wgp = wy, we obtain that if iy #d — 1,
then

p—1

. _ i ’,di dpfl

Qo i(2) = —ind’™' Yy (2™)T 7T,
=0

and if iy, = d — 1, then

p—2 ,
QOJgj(Z) _ _ikdpfl ((zlk)dp—lzk 4 Z(zlk)dlzlgd—l)dl-i-dp 1) '
i=0
In both cases the corresponding degrees of the polynomials can be computed.

To compare the components of the polynomials Qm7 i and Qm,7 ks We first observe that
if m,m’ > 0, then both polynomials are non-identically zero precisely when m = m’ =k,
in which case the statement follows from the corresponding statement of Lemma 4.2.

Now we consider the remaining two cases:

(1) If m = m’ = 0, then it follows from the above formulas for @, ; that from each
monomial of Qqu, 7> one can uniquely express both iy and I, hence, also the multi-index

I. The latter implies that two polynomials Qo,k,i and Qo,k,f’ with T #* I’ cannot have
proportional monomials.

(2) Finally, assume that m = 0 and m’ # 0. Then m’ = k, since otherwise Qm,& s
is identically zero, and one can see that the polynomials Q07k7 7 and Qk7k7 7» have no pro-
portional terms by comparing the degrees of z; in each term of the polynomials (c.f.,
Proposition 4.4 from [17]).

O
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Finally, we state a new version of Proposition 5.1. Similarly to the polynomial case, for
a fixed pair of integers d and n, let Z denote the set of all admissible multi-indices I. Let

I:{1,2,...,Ng,} =1
be any fixed bijection (enumeration of all admissible multi-indices).
Proposition 6.3. Assume that n,d > 2 and consider any finite sequence of integers

Po,1;---3PONgynsPLLs -+ -3 PLNg o+ -5 Pnls -+ -3 PnNg >

such that for all pairs of k € [0,n] and j € [1, Ng,] the following holds: pyj > 5 if d = 2
and n = 2, and py; > 4 if d > 3 or n > 3. Then there exists a corresponding finite
sequence

Wo, 1y )WU,Nd,ny Wity--. )wl,Nd,nv sy Wnly .o awn,Nd,na

of periodic points of Fy, belonging to distinct periodic orbits, and a choice of indices
ki,...,kng,, € [1,n], such that

(i) for each k € {0,...,n} and j € {1,...,Ngn}, the period of Wy j is py ;;

(”) the maps Prq o1+ PkNd’n,v”vo,Nd’n yPL W11+ 7p1,v~vk’Nd7n7 ey PrWn 1ot s pn,ﬁ/n,Nd’n

are locally independent at Fy in Endg(P™).

Proof. We will select each k; so that I(j) has a nonzero entry in the kj-th position.
According to Lemma 6.1, this guarantees that the polynomials 80’ () Ps W05 (Fp) are not
identically zero for all j =1,..., Ny .

The Jacobian matrix of the maps

pk1,V~Vo,1> s 7'0kNd,n’V~V0aNd,n y PL, Wy 19 -+ - >P1,v~vk,qun7 s PnyWp oo 7pn,v~vn,Nd7n

is no longer block diagonal, which is why the proposition is formulated for the whole
Jacobian matrix rather than for each block as in the polynomial case covered by Propo-
sition 5.1. (The sub-matrix, obtained by removing the first Ny, rows and columns will
be block diagonal and will coincide with the Jacobian matrix from the polynomial case.)
Nevertheless, exactly the same proof as the one for Proposition 5.1 works here as well with
the exception that due to part (i) of Lemma 6.2, for d = 2, instead of the inequality from
Lemma 5.5, we have to use a weaker inequality

pnNap < (dP1 = dPP) (@t — 1) 2 (@2 - 1),

One can check that the latter inequality holds for d = 2, n = 2, p > 5 and for d = 2,
n >3, p > 4. (See also Remark 5.6.) We leave the remaining details to the reader. O

Proof of Theorem 1.2. For n = 1, Theorem 1.2 is a special case of a more general re-
sult [17]. To complete the proof of Theorem 1.2 for n > 2, we observe that the analogue of
Proposition 1.8 holds in the projective case as well. To prove it, one can repeat the proof
of Proposition 1.8, replacing Proposition 5.1 by the corresponding Proposition 6.3, and us-
ing (10) before applying Lemma 3.2. Then Theorem 1.2 follows directly from Theorem 1.7
exactly as discussed in Section 1.4. O

Proof of Corollary 1.5. Due to Theorem 1.2, it is enough to check that for p > 4, the
number of p-cycles of a generic map from Endy(P") is at least as large as the dimension of
the moduli space Endg(P")/PGLy41(C). The latter one is equal to (n 4+ 1)Ng,. On the
other hand, similarly to the proof of Lemma 5.4, one can estimate the number of p-cycles
from below by (d? —dP/2)(d? —1)"~! /p. Thus, in order to prove the corollary, it is enough
to check that for all p > 4, n > 1 and d > 2, the inequality

(11) p(n+1)Ny, < (&P — dP/&y(@P — 1)"?
holds.
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For n = 1, inequality (11) transforms into
op(d —1) < dP — dlP/?

which is easy to verify for p > 4 and d > 2.
For n > 2 we have

p(n+1)Ng, < p(n+1)(d+1)".
Then one can check that
p(d+1) < dP — dP/?
and
(n+1)d+1)"1<Bd+3)" < (@ -1)",
for p > 4 and d > 2. Combining the last three inequalities yields (11), and hence, completes
the proof of Corollary 1.5. O

7. CONSEQUENCES ABOUT THE BIFURCATION MEASURE AND THE CRITICAL HEIGHT

The main results of Gauthier-Taflin-Vigny in [15] were established for endomorphisms
of P in all dimensions n > 2, but only in dimension n = 2 for polynomial endomorphisms
of C". The missing ingredient in higher dimensions in that case was the independence of
multipliers. Our initial goal in the article was to address this gap and extend the results
of [15] to C™ for all n > 3. Using Theorem 1.1, we can deduce Corollary 1.3 and Corollary
1.4 from Section 3 and 4 and from Theorem 7.2 in [15] respectively. We now explain this
in more detail, starting by recalling classical results.

7.1. Dynamics of regular endomorphisms and Lyapunov exponents. The goal
here is to define the bifurcation measure on 75(7] and to state the Bedford-Jonsson formula
on Lyapunov exponents obtained in [3], mainly to be able to use [15, Theorem 7.2]. For
more details and precise references, we refer the reader to these articles.

Let d > 2, n > 2 and let f be a regular polynomial endomorphism of C". The Green
function of f is defined by

Gy(2) = Jim d™"log™ || f*(2)].

This is a non-negative continuous plurisubharmonic function on C". From this, the Green
current of f is then given by T := dd°G and its equilibrium measure is py := Ty We
denote by L(f) the sum of all the Lyapunov exponents of ps and by J,(f) its small Julia
set, i.e. Jp(f) :=supp(puy).

As f is regular, it extends as an endomorphism of P”, for which the hyperplane H., at
infinity is totally invariant. The restriction fg_ also has an equilibrium measure and we
denote by Lo (f) the sum of its Lyapunov exponents. Bedford and Jonsson established a
formula connecting L(f), Loo(f) and the integration of the Green function with respect to
the critical measure of f. More precisely, if Crit; denotes (the closure in P" of)) the critical
set of f in C™ then we set

Hf Crit i= T}l_l A [Critf] and Gf,Crit = / Gfpbﬁcrit.
(Cn

Then, [3, Theorem 3.2] stated that
(12) L(f) =logd + Loo(f) + Gy crit-

The important fact for us is that each of these terms is invariant by conjugacy thus, if [f]
denotes the class of f in P7,

L: [f] = L(f), Loo: [f] = Loo(f) and Geuie: [f] = G erit

are well-defined. Moreover, they are plurisubharmonic [9] and continuous [2].
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If for simplicity we denote by N := nNg, the dimension of 753, then complex Monge-
Ampere upis := (dd°L)" of L is the bifurcation measure introduced by Bassanelli-Berteloot
in [2].

A technical difficulty with the moduli space 753 is that its elements are classes and
several dynamical objects, such as the critical set, cannot be naturally associated to such
classes. To overcome this, we consider the space 753 C P}/ defined below (6) which has the
advantage that the projection m: 753 — 753 is a finite ramified cover. This holomorphic
family of mappings gives a global endomorphism

F:P" x P} — P" x P}
(2, f) = (f(2), f):

Since each f € 759 is a regular polynomial endomorphism of C™, the critical set of F

decomposes as Hy, X 75&‘ U Critp where the fiber of Crity above f is exactly Crity.
The bifurcation measure in P} is simply fii := (dd°L o 7)N. We also defined /l%?} =

(ddcécrit)N , where Geyit := Geyitom. The equation (12) and the fact that Ly is plurisub-
harmonic ensure that

. . pol
(13) fBit > [

We will apply [15, Theorem 7.2] when S = 753, f = F and Y = Critp. The main
assumption then corresponds to

A ~pol
(14) N GCritM%?f > 0.
P
As we will see, on the open set (2 where we will check this positivity, the inequality (13)
is actually an equality.

7.2. The support of the bifurcation measure has non-empty interior. Here, we
prove Corollary 1.3. Roughly speaking, the approach of Gauthier-Taflin-Vigny to obtain
a non-empty open subset in the support of the bifurcation measure in P is the following.

(1) Construct a robust heterodimensional cycle between a repelling hyperbolic set A
and a saddle fixed point p. More precisely, there exists a connected non-empty
open subset 2 of P} such that each f € Q has a repelling hyperbolic set A(f) and
a saddle fixed point p(f) with Wi D Wiy # @ and W A(f) # @. The

N
p(f)
first condition is easily achieved robustly as WX( ) is an open subset of C", while

the latter requires more care and [15] used a mechanism called blender to obtain
it. Moreover, several other technical assumptions on  C P} are required (see
[15, Section 3]).

(2) If the projection Q2 of Q in P7 does not intersect the interior of the support of the
bifurcation measure then { contains in a dense way submanifolds M of positive
dimension with a special property denoted by (x) which implies that the eigenvalue
functions associated to periodic points on the small Julia set are constant on M.

(3) In particular, infinitely many multipliers are constant on such submanifolds, con-
tradicting the independence of multipliers.

The point (1) is given by [15, Theorem 4.1] which is also available in P} with n > 3.
The point (2) corresponds to the proof of Theorem C in [15] using Theorem 3.4 there.
The only difference in our setting is that we need information on the multipliers (i.e.
eigenvalues of D, fP) while [15, Theorem 3.4] only gives information on their product (i.e.
the determinant of D, fP). However, the proof of Theorem 3.4 actually establishes that if
M satisfies (x) then all f, f/ € M are holomorphically conjugated in neighborhoods of their
small Julia sets J,,(f) and J,(f’). Hence, the associated eigenvalue functions are constant
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on M. Finally, the contradiction in the point (3) follows from Theorem 1.1, which ensures
that submanifolds M satisfying (%) cannot be dense in ).

7.3. Uniform control on the critical preperiodic points. To prove Corollary 1.4,
it suffices to verify that the assumption (14) of [15, Theorem 7.2] holds, and then use a
density argument to extend the result, which is originally stated over @, to maps f defined
over C.

The first step is immediate after the observation that the open set {2 C P} used above
is a small neighbordhood of a map

d

for (z,w,ys3, ..., yn) — (azt+ew+Lzwt+w Z i, a(w?=1), 03y3, . . ., Onyn)+c(z%, w, Yl . ..

i=3
where «, (3, €,7;,04,a,c are constants with 0 < |¢| < 1 small and |a| can be chosen arbi-
trarily large with respect to || and |7;| (see [15, Section 4.5]). The dynamics at infinity
of such a map is conjugated to the power map if d > 3. And a simple computation
gives that it is arbitrarily close to it when d = 2 for |3/(a + ¢)| and |7/(a + ¢)| small.
Therefore, by reducing € if necessary, we can assume that the restriction of f € Q to the
hyperplane at infinity Ho, is hyperbolic. In particular, f — Lo (f) is pluriharmonic on
Q and thus, dd°L = dd°Gcyit on the image Q of Q in 753 In particular, if Q := a(e)
then [igj = ,&B?; on ) in 753 Since we have Q) C supp(ugif), At = T UBif, Gt > 0 and

A%?% = (dd°Gri)N, we must have  C supp(,ug)fl) and

A ~pol A ~pol
/ Gomild) > /Q Gompl > 0
P’ﬂ

which corresponds exactly to (14). Hence, [15, Theorem 7.2] gives a non-empty Zariski
open subset U of Pd with a uniform control, for f € U(Q), on the points of small canonical
height lying on the critical set of f. As preperiodic points have zero height, the result
applies to them. More precisely, there exists B > 1 such that if f € U (Q) then there is an
algebraic subset Wy of C" such that deg(Wy) < B and

Preper(f) N Crity C Wy.

If we could extend the result to U (C) then the set U in Corollary 1.4 would simply be the
preimage of W(U ) by the projection P} — 75(?, i.e. U is the set of maps f whose conjugacy
class intersects U.

Now, it remains to extend the result from U(Q) to U(C), which simply follows from
the compactness of the set of codimension 2 algebraic subsets of C" of degree bounded
by B. More precisely, assume that some f € U((C) does not satisfy the statement, i.e.
the set Preper(f) N Crity is not contained in any codimension 2 algebraic subvariety of
C™ of degree bounded by B. Hence, by compactness there exist p > ¢ > 0 such that
the same holds for Preper, ,(f) N Crity where Preper, ,(f) := {2z € P"; fP(2) = fi(2)}.
On the other hand, both Critp and Preper, , := {(2,9) € P" x 75[7]; g’(z) = ¢9(z)} are
defined over Q. A difficulty here is that their intersection Z := Critp N Preper, , might
have arbitrarily many irreducible components with respect to p and ¢ and it could be that
it is not of pure dimension. However, if p: P x 753 — 7567 is the natural projection then
we can consider all the irreducible components (Z;);c; of Z such that f € p(Z;) for each
i € I. The set Y := Njcrp(Z;) is also defined over Q so there exists a sequence (f,) in
(Y NU)(Q) converging to f. The Remmert open mapping theorem (see e.g. [25, Chapter
V.6]) applied to each pz: Z; — p(Z;) ensures that each point in Preper, ,(f) N Crity is
a limit of points in Preper,, ,(fn) N Crity,. Thus, Preper, ,(f) N Crity is contained in any
limit value of (W7, ) which gives the desired contradiction.

d
+Yn )
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