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Abstract

We prove that the minimal chain recurrence classes of a holomorphic endomor-
phism of P* have finitely many connected components. We also obtain results on
arbitrary classes. These strong constraints on the topological dynamics in the phase
space are all deduced from the associated action on a space of currents.
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1 Introduction

The chain recurrent set is an important invariant set in topological dynamics which cap-
tures a large part of the non-trivial dynamics. For polynomial automorphisms of C2, this
set has been very well described by Bedford-Smillie in [BS91]. Our aim here is to initiate its
study for holomorphic endomorphisms of P* and to understand what kinds of restrictions
the holomorphic assumption implies in that setting.

Let f: P* — P* be a holomorphic endomorphism. Recall that, following Conley
[ConT8|, for ¢ > 0 a sequence (x;)o<i<n is called an e-pseudo-orbit between = and y in
PFif n > 1, 29 = 7, 2, = y and for all 0 <4 < n, dist(f(2;), zi+1) < €. We say that x = y
if for all € > 0 there exists an e-pseudo-orbit between x and y. Then, the chain recurrent
set is defined by

A(f) = {z € P* |z = x}.

This is a closed invariant set that contains the non-wandering set and thus all the periodic
orbits. Moreover, > is a preorder on Z(f) and the equivalence classes associated to it are
called the chain recurrence classes: if x € Z(f) then its chain recurrence class [x] consists
of all y € Z(f) such that = > y and y > x. The relation > becomes an order on the classes
by saying that [z] > [y] if x = y.

Our main result is the following theorem about minimal classes.

Theorem 1.1. Let f: Pk — P* be a holomorphic endomorphism of algebraic degree d. If
K is a chain recurrence class for f which is minimal with respect to >= then K has finitely
many connected components.

In dimension k = 1, this result is a direct consequence of Montel’s theorem. For k = 2,
Fornaess-Weickert [FW99| proved the stronger fact that a minimal chain recurrence class
(referred to as attractor there, following Ruelle’s terminology |[Rue89]) is either connected
or an attracting periodic orbit (simply called sink in what follows). However, their main
argument, which relies on pseudoconvexity, is specific to dimension 2. Our approach uses



the dynamics induced by f on some spaces of currents (see Section 3| for more details). In-
deed, Theorem is an unexpected consequence of [Taf18] where other results on minimal
chain recurrence classes were obtained.

Theorem 1.2 ([Tafl8|). Let f be as in Theorem . The set of minimal chain recurrence
classes of f is at most countable. And if K is such a class then there exist two integers
s€{0,1,...,k} and ng > 1 such that

e the topological entropy of fi is slogd,
o K 1is the disjoint union of minimal chain recurrence classes Ky, ..., Ky, for f™,

e on each K;, there exists a measures v; which is mizing for f™, of mazimal entropy
slog(d™) on K; and with at least s positive Lyapunov exponents.

Moreover, if s =0 (i.e. if fijx has zero topological entropy) then K is a sink.

What we prove in Theorem is that the sets K; are connected. Let us make some
remarks about these two theorems. First, without the minimality assumption Theorem [I.]
could be false. Indeed, the polynomial map f(z) = 2% +1 can be seen as an endomorphism
of P! and its Julia set is a chain recurrence class which is homeomorphic to a Cantor set.
On the other hand, none of the results in Theorem and Theorem holds in smooth
dynamics. There exist diffeomorphisms with uncountably many minimal chain recurrence

classes and other ones g with minimal classes which are adding machine, i.e. invariant set
K such that

e K is a Cantor set,
e the topological entropy on K vanishes,

e for each n > 1, gﬁ( does not admits a mixing invariant measure.

See [BD02] for the abundance of diffeomorphisms with both these properties in the C'1-
topology and [GvST89] for examples of analytic diffeomorphisms with the later property.

Observe that [Tafl8] deals with “minimal quasi-attractors” which is synonymous to
“minimal chain recurrence classes” (see Section . Here, we emphasize on the chain recur-
rent set as our goal in what follows is to give other results on non-minimal classes.

An easy consequence of classical equidistribution results is that the set of chain recur-
rence classes in P* always admits a unique maximal element. Indeed, the dynamics on
the support of an ergodic measure is topologically transitive so this support is included
in a unique chain recurrence class. Moreover, an endomorphism f of degree d > 2 always
admits a unique measure of maximal entropy p [BDOI|, called the equilibrium measure,
and Fornzess-Sibony [FS95a] proved that Lebesgue almost every y € P* satisfies

) 1
A g 2 b=
fr(a)=y
This implies directly the following result.

Proposition 1.3. If [u] denotes the chain recurrence class associated to the equilibrium
measure |1 then every chain recurrence class K satisfies [p] = K.



All the results above give some information on minimal or maximal classes. The remain-
ing cases are related to the filtration of Julia sets. Recall that in [FS95b] Forneess-Sibony
defined for each I € {1,...,k} the Julia set of order 1, #, of f such that

fkc...cjl‘

The largest one _#; corresponds to the standard Julia set, i.e. the complement of the Fatou
set which is the largest open subset of P* where the family ( f™)n>1 is locally equicontinuous.
On the other hand, the smallest one ¢, is the support of the equilibrium measure p. In
general, little is known about the dynamics on _#1 \ _Z.

Theorem 1.4. Let f: P* — P* be an endomorphism of degree d.
1) A chain recurrence class which is contained in the Fatou set is a sink.

2) If K is a class which is neither mazimal nor minimal then there exist s € {1,... k—1}
and an ergodic measure v of entropy slogd supported in Fg\ Zsy1 such that the
associated class [v] satisfies K > [v].

3) In particular, if the chain recurrent set of f is not reduced to the union of the class
[u] and of sinks then there exists an ergodic measure with positive entropy supported

m /1 \ jk‘

4) If Z(f) is reduced to the union of [p] with sinks then the Julia set ¢ is contained

As the measures v; appearing in Theorem v in 2) corresponds to an equilibrium
measure associated to an attracting set constructed in [Taflg]. Another way to formulate
this point 2) is that if a class is neither maximal nor minimal, it cannot admits only sinks
as successors with respect to >: one of them must come from a non-trivial ergodic measure.
Observe that the self-maps of P? in the elementary Desboves familly (see e.g. [BDMQT7] or
[BT17]) satisfy the assumption of 4).

As we will see in Section [2] each chain recurrent class is obtained as intersections of
attracting sets and repelling sets. All the constraints above come from the “attracting” part,
using our previous work [Tafl8]. It seems that the “repelling” part is more flexible and it
would be interesting to build examples of chain recurrent sets with unknown phenomena
in Pk,

Organization of the paper. Section [2] gives the basic definitions around attracting sets
and some of their interplays with chain recurrence classes. In Section [3] we recall the
results from [Tafl8] which are needed in the sequel. This section is technical but the idea
is that the action of f on a well-chosen set of currents in a neighborhood of an attracting
set does not seem more complicated than the action on the set of probability measures
in a neighborhood of a finite union of sinks. Finally, Section [4] is devoted to the proof of
Theorem [I.1] and Theorem [I.4]
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2 The chain recurrent set and attracting sets

We refer to the Introduction for the definition of the chain recurrent set. Here, we will
explain its links with attracting sets.

Recall that if f is an endomorphism of P¥ then A C P* is an attracting set if there
exists a non-empty open set U C P*, called a trapping region, such that f(U) C U and

A= ﬂnzofn(U).
It implies that A is a compact invariant set. The basin of attraction of A is

B(A) = Up>of"(U),

and the repelling set associated to A is
A* =P\ B(A).

Finally, a quasi-attractor is a decreasing intersection of attracting sets.
One way to construct attracting sets and quasi-attractors is the following. For = € P*
and € > 0, define

Uy := {y € P¥ | there exists an e-pseudo-orbit from z to y}.
Such a set is open, not empty and satisfies f(Uy ) C Uy . It gives an attracting set

Ax,e = mnEOfn(Ux,e) (21)

and a quasi attractor
Ax = ﬂ€>0Ax7€. (22)

These notions are related to the chain recurrent set in the following way. First, it is easy
to check that

2(f) = (AuA),

where the intersection is over all the attracting sets of P¥. Moreover, if z,y € Z(f) then
x > y is equivalent to y € A, and we have the equality

2] = 4.\ (UB(W),

where the union is taken over all attracting sets A such that = ¢ A. Hence, the class [z] is
minimal with respect to > if and only if [x] = A, which is equivalent to A, minimal (with
respect to inclusion) in the set of quasi-attractors.

3 Dynamics in the space of currents

The books [Dem12| and [DS10] are good introductions to positive closed currents and the
latter gives an overview of their uses in dynamics.

In order to define the mass of currents, let fix a Kéhler form w on P* such that f]]:)k wh =
1. If E is a subset of P* and p € {0,...,k} then %,(E) will designate the set of positive
closed currents S of bidegree (p,p) such that supp(S) C E and ||S|| := (S, wFP) = 1.

From now on, f is an endomorphism of P* of algebraic degree d > 2. There exists
a special element in %7 (P*) with respect to the dynamics of f, called the Green current,
which can be defined by

: 1n*
T= el

4



Fornaess-Sibony [FS95a] and Ueda [Ued94| proved that the support of T is exactly the
Julia set of f. Moreover, for I € {1,...,k} the self-intersection T' is well-defined and its
support is called the Julia set of order 1, ¢ := supp(T"). This gives a filtration of totally
invariant sets (i.e. invariant by f’l)

/kc...cjl‘

In some sense (and still conjecturally for I ¢ {1,k}), if V is a generic algebraic set of
pure codimension [ then _#; is the set where most of the volume of f~"(V') accumulates
when n goes to infinity. The case | = k is particular. The measure pu := T*, called the
equilibrium measure of f, turns out to be the unique measure of maximal entropy for f
[BDOI] and it has a central role in bifurcation theory [BBD18]. The fact states above has
been proven in this situation by Fornaess-Sibony [F'S95a] with a pluripolar exceptional set
E, then improved by Briend-Duval [BD0I] and finally, Dinh-Sibony obtained the following
sharp result.

Theorem 3.1 ([DS03|). There exists a proper algebraic subset E C PF such that if a €
P*\ E then
. 1
g 2 y=w
yef~(a)

As we have already said, this implies directly Proposition [I.3]

Proof of Proposition[1.3 Let E C P* be the proper algebraic subset given by Theorem [3.1
and let x € _#j, := supp(u). Let K be a chain recurrence class, z be a point of K and € > 0.
Since P* \ E is dense, there is a € P¥\ E such that dist(a, z) < e and by Theorem , for
n > 1 large enough there is y € f~"(a) with dist(f(z),y) < e. This gives an e-pseudo-orbit
between x and z and thus, as € > 0 was arbitrary, [u] = K. O

Relying on currents, Daurat [Daul4]| defined the dimension of trapping regions, at-
tracting sets and quasi-attractors.

Definition 3.2. If E is a trapping region, an attracting set or a quasi-attractor then E is
said to have dimension s € {0,...,k} and codimension p ==k — s if

Cp(E) #@ and €,—1(FE) = 2.

Let U C P* be a trapping region for f and A = Nn>0f"(U) be the associated attracting
set. By the above definition, if U has codimension p then f acts on the non-empty set
¢,(U) by normalized push-forward

1
A= pCE) fe.

This notation has an ambiguity as it depends on p but we will only use it when the value of
this codimension is clear. In this situation, it is natural to introduce the space of invariant
current

S,(U) = {S € €,(U) | AS = S}.

Another dynamically defined subset of €,(U) will play an important role in Section (4] It
has been introduced by Dinh in [Din07] and it is given by

9,(U) = {S € %,(U) there exists a sequence (Sy,)p>1 in €,(U) such that } ‘

S =A"S,

It also corresponds to the set of all possible limit values of sequences of the form (A™Sy,)n>1
where (Sy,)n>1 is a sequence in 6, (U).



Remark 3.3. In general, #,(U) and 2,(U) do not coincide. For example, if U is a small
neighborhood of an attracting cycle {a,b} of period 2 then S, (U) = {(d4 + 6)/2} while
P(U) is the set of convex combinations of 6, and dy. In particular, here (84 + 0p)/2 is not
extremal in P (U).

The following lemma, obtained by Dinh [Din07, Proposition 4.7], can be used to con-
struct elements in 6, (U).

Lemma 3.4. Let x be a positive smooth function in Pk, If S is a current in Gj,_i(P*) then
the sequence d='"(f™).(xS) has bounded mass and each of its limit values is a positive
closed (k — 1,k —1)-current of P* of mass ¢ := (S AT, x).

In particular, we used this result to obtain the following equivalent form of Definition

Proposition 3.5 ([TaflS8]). Let E be a trapping region, an attracting set or a quasi-
attractor. The dimension of E is s if and only if

EN g #2 and EN Fop1 = 0.

The fact that #,,4 is disjoint from a dimension s trapping region U is crucial in the
proof of the following theorem. In some sense, it says that there exists at least one element
in %,(U) with an attracting behavior.

Theorem 3.6 ([Tafi8]). Let U C P* be a trapping region of codimension p. There exist a
trapping region D C U and a current T in 6,(D;) such that

1 N—-1
lim NZAnR:T

N—oo
n=0

for all continuous currents R in €,(D).

As this type of currents will play a central role in what follows, we coin the following
definition.

Definition 3.7. Let V be a trapping region of codimension p. A current S € 6,(V) is
attracting on V for f if

1 N1

lim — "R =

Jm gy 2 AR =S
n=0

for all continuous form R in €,(V). A current in €,(P*) is an attracting current if it is

attracting on some trapping region of codimension p.

As the simple example of an attracting cycle of period 2 shows, it is not possible
to remove the Cesaro mean in general. However, it turns out that the Cesaro mean is
unnecessary if f is replaced by an iterate.

Theorem 3.8. Let U be a trapping region of codimension p. There exists ng > 1 such that
if we replace f by f™ the three following equivalent conditions hold.

1) A current in 6,(U) is attracting for f if and only if it is attracting for all iterates
M n>1.



2) If T € €,(U) is attracting for f on V then

lim A"R =,

n—oo

for all continuous form R in €,(V).
3) The attracting currents in 6,(U) are extremal points in D,(U).
Moreover, the set of attracting currents in €,(U) is finite.

The point 3) was not explicitly states in [TafI8| but the proof is exactly the same than
the extremality part of Theorem 3.12 and Corollary 3.21 there, using the first part of the
proof of Theorem 3.35 i.e. if 7 € €,(U) is attracting on V' C U for all iterates of f and if
¢ is a smooth (s, s)-form on U such that dd“¢ > 0 then

7,0) = max (R, ).
(r.6) = e (R.0)
Observe that, as it was point out in Remark [3.3] it is necessary to consider an iterate f"°
in order to obtain 3).

The finiteness part in Theorem is indeed the key point of this result which gives
1), 2) or 3). It is also this point which allows to obtain results about quasi-attractors.

Corollary 3.9. Let K be a minimal quasi-attractor of dimension s. There exists an integer
ng > 1 such that if we replace f by f™ then K splits into ng quasi-attractors K =
K1 U---UK,, such that each K; is contained in a trapping region Uk, which supports a
unique attracting current 7; € 6,(K;) with

li 1
nl—>ngo dns

(f")eR =i

for all continuous currents R in 6,(Uk,).

Finally, we will also use the following corollary about equilibrium measures associated
to quasi-attractors.

Corollary 3.10. Let A be a quasi-attractor of dimension s and codimension p := k — s.
There exists at least one attracting current T in €,(U) and the measure vy := 7 NT? is
an ergodic measure of entropy slogd supported in Fs\ Zsi1 and it has at least s positive
Lyapunov exponents. Moreover, if ng is the integer defined in Theorem[3.8 then v, has at
most ng ergodic components with respect to f™°, each of which is mixing.

Observe that Theorem [1.2]is a combination of Corollary [3.9 with Corollary

4 Consequences on the chain recurrent set

In this section, we prove Theorem and Theorem The former is a consequence of
the following statement.

Theorem 4.1. Let U be a trapping region of codimension p. Let T € €,(U) be an attracting
current for all iterates f™, n > 1. Then the support of T is connected.

Notice that the assumption on 7 is not really restrictive since, by Theorem any
attracting current is an average of finitely many attracting currents for f™ with this

property.



Proof. Let Q be an open subset of U such that X := 2 Nsupp(7) is a non-empty compact
set. Our aim is to prove that X has to be equal to supp(7).

Let s := k — p be the dimension of U and recall that A :=d *f,. Let 0 < x <1 be a
smooth function supported in §2 such that x = 1 on a small neighborhood of X. For n > 0,
define the current

(xo fm)r

x|

It is clear that these currents are positive and they are also of mass 1 since

Sy =

(T* A7, x0 f")

nil = mTS =
Iull = (80, T%) = S o

=1,

where the last equality comes from the invariance of the measure v, := T° A 7. Moreover,

1o ) x(AT) _ xr
asm x| Ixrl lIx7

A"S, = So.
Finally, we claim that each S, are closed. This implies that Sy is in Z,(U). If Sy # 7 (i.e.
Ix7|| < 1) then the same holds for

and thus
7= [Ix7[So + [|(1 = x)7|| Ro

which contradicts to fact that, by Theorem 7 is extremal in Z,(U).

It remains to prove that S, is closed for each n > 0. Let n > 0 and let = € supp(S,).
By the definition of S, this implies that € supp(7) and = € supp(x o f™). The first
point gives, since supp(7) is invariant by f, that f"(x) € supp(7) and the latter that
f"(x) € supp(x), i.e. f"(z) € supp(7) Nsupp(x) = X. But x = 1 in a neighborhood of
X and f™ is an open mapping thus x o f = 1 in a neighborhood of x. Hence, in this
neighborhood S,, coincides with a constant times 7 and thus is closed. O

We can now deduce Theorem [I.1]using that minimal chain recurrence classes correspond
exactly to minimal quasi-attractors.

Proof of Theorem[I.1, By Corollary [3.9] if we replace f by f" then K is the union of
ng quasi-attractors K; each of which supports a unique attracting current satisfying the
assumption of Theorem [£.1] We will show that each Kj; is connected and to simplify the
notations, we assume that ng =1 and K = Kj.

Hence, K is a minimal quasi-attractor of dimension s, which supports an attracting
current 7 such that supp(7) is connected. By definition, K is the intersection of a decreas-
ing family of attracting sets (A;);>1. Each attracting set A; has finitely many connected
components that we denote by A; ;. Since supp(7) C K C A; is connected, for each i > 1
there exists j(i) such that supp(7) C A4; j(;)- A first observation is that, since the sequence
(Ai)i>1 is decreasing, the same holds for (A; j))i>1. On the other hand, the invariance of
supp(7) implies that f(A; j)) = A; j;) and it is easy to deduce from this that A; ;) is an
attracting set for f. Hence K’ := M;>14, j(;) is a quasi-attractor such that supp(r) C K’
and thus it has dimension s. Since K’ C K, the minimality of K implies that K’ = K.
Finally, K’ is a decreasing intersection of connected compact sets and thus it is also con-
nected. O



Remark 4.2. Notice that Corollary and Theorem indeed hold under the weaker
assumption that K is minimal in the set of dimension s quasi-attractors. Hence, the above
proof gives that such K has finitely many connected components.

In order to prove Theorem [I.4] we need the following lemma which is a direct conse-
quence of Lemma [3.4] and will only be used with [ = 1.

Lemma 4.3. Letl € {1,...,k}. If v € _7; then the dimension of the quasi-attractor A,
defined by (2.2) is larger or equal to .

Proof. Let x bein _#;. Let € > 0 and let > 0 such that if dist(y, z) < r then dist(f(y), f(2)) <
e. In particular, if dist(y,z) < r then (z, f(y)) is an e-pseudo-orbit and every limit value
of (f™(y))n>1 belongs to A, . This implies that if y is a smooth, positive cut-off function
such that xy = 1 on the ball B(x,r/2) and x = 0 outside B(z,r) then every limit value of
d=" f (xwk ) is supported in Az . By Lemma such limit value is a positive closed
current of mass ¢ = (W* "L AT! x) > 0 and thus € (A,e) # .

Since this holds for each € > 0, it gives that ¢;_;(Az) # @ and dim(A4;) > I. O

Proof of Theorem[I.]] Let K be a chain recurrence class of f and let x be an element of
K. The proof of the point 1) is elementary.

Assume that K is included in the Fatou set. Since K is compact, it must intersect
a finite number of Fatou components and by invariance of K, f acts by permutation on
them. Hence, by exchanging f by an iterate, we can assume that K is contained in an
invariant Fatou component 2. If K is minimal with respect to > then by Theorem it
has to be equal to a sink. Otherwise, there exists another class L such that K = L. Since
K is invariant, it possesses two open neighborhoods, N1 and N, such that

N1 U f(N1) C Ny and Ny C Q) L.

Hence, if € > 0 is small enough then an e-pseudo-orbit from K to L must pass through
N\ N7 and the compactness of this set implies that there is y € Ny \ N7 such that z = v.
Moreover, y is not in K so there exists € > 0 such that there is no e-speudo-orbit between
y and K. Hence, y is in the basin B(A, ) of the attracting set A, (defined by (2.1))) and
K is disjoint from this basin. By connectedness, the Fatou component {2 must intersect
the boundary of B(A, ). This contradicts the fact that € is in the Fatou set.

Now, in order to prove 2), assume that K is neither maximal nor minimal. In particular,
it is not equal to the class [u] associated to the equilibrium measure p and, by 1), it must
intersect the Julia set _¢;. Hence, by Lemma the dimension s of the associated quasi-
attractor A, to x € K satisfies 1 < s < k—1. Therefore, Corollary gives a measure v of
entropy slogd supported on the intersection of A, with #s\ Zs11. In particular, K > [v].
The proof of 3) follows in the same way since we have only used that K is different from
[1] or a sink.

Finally, assume that Z(f) is a union of the class [u] with sinks. Since each quasi-
attractor of dimension s gives rise to a chain recurrence class of entropy slog d by Corollary
this assumption on Z(f) implies that the only quasi-attractors of f are of dimension
0 or k, i.e. sinks or P*. Therefore, if y is in #1 then by Lemma the dimension of A,
is larger or equal to 1 thus dim(A,) = k and y > z for every z in P*. Hence, y belongs to
the maximal chain recurrence class [u] C Z(f). O
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